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Multiple zeta values (MZVs) 6/52

Notation:

® k= (k,...,k) € (Zs) : index

® Kkis admissible & &, > 1 ork = ¢
® wt(k) = ky +--- + k, : weight
® dep(k) = r : depth

VLT R PAYEIE For an admissible index k = (kq, ..., k),

1
Sk = Glkiyenns k) i= ) - €R (€O :=1).

Remark:

® dep(k) = 1 = C(k): the Riemann zeta value (RZV).
® ()-linear relations: ¢(1,2) = ¢(3), Sk« = ¢(k)C(D), S(k x ) = C(k)C(D),...



Multiple zeta values (MZVs)

® ()-vector space spanned by MZVs:

Zi = k) | wik) = kyg, Z:= ) Zke
g k=0

2k=2

7/52

oL [ | I NP4 TS8R dy = 1,d1 = 0,dy, =1,d, =d,_» +d,_3 (n > 3).

dim@ Zk ; dk.

® Theorem (Goncharov, Terasoma): dimg Z; < d;.

weight: k 1 S5/6 (78] 9 10 | 11 12
dy 1 1|/1/1}2|2 |3 |4 5 7 9 12
22 - |=11]2 48|16 |32 |64 | 128 | 256 | 512 | 1024

Our motivation: To understand what relations hold among MZVs.




Finite MZVs (FMZVs) 852

® Truncated MZVs: For ki,...,k, € Z>1 and M € 7y,

1
C<M(k19°°°9kr) = Z e Q.

k1 k,
O<my<--<m, <M ml ceem,

® (ap)p - (bp)p in A& a, = bp holds
for all but finitely many primes p

A 1= (H Z/ﬂ)/({} Z/pZ), ® Forre Q,rp:= {57 facon of el
y i ® injectivemap 3r - (r,), € A
where p runs over all primes. — A : Q-algebra.

DD T N PAYEIN For kq,...,k, € 751,

Cﬂ(kla ey kr) .= (z;<p(k19 ey kr) mod p)p €A (z;ﬂ(ﬁ) = 1)°




The Q-algebra Z 4 I/52

® ()-vector space spanned by FMZVs:

Zak = (Ga®) | wt(k) = k),  Zoa:= ) Zoe
g k=0

2k-1

0
dlm@ Zﬂ,k = dk_3.

Ol [ IRV 4 9B d_3 =1,d_, =0,d_1 =0,d, =d,, +d,_3 (n > 0).

® Theorem (Akagi-Hirose-Yasuda, Jarossay):

dimg Zax < di-3.

weight: k 112(3|4 7| 8 9 10 11 12
di—3 1100101 |1 |1} 2 2 3 4 S
21 -1 1124816 |32 |64 | 128 | 256 | 512 | 1024 | 2048

Our motivation: To understand what relations hold among C#(k).




Relations for FMZVs 10/52

Theorem (Hoffman 15, Zhao °08): jge @ . K WASE
Calk) = (0),.

L CIICINRGERELGEYAL I For any indices k and |,
Calk 1) = Ca(k)Cal).

L COICT N LELGTELGEr LI TMe il Ba WAH For any indices k and |,

cakm ) = (- O Ak, D),

where l = (I,,..., 1) forl = (Iy,...,1).

Attention:

It has not been shown that C#(k) # (0), for any non-empty index k.



Summary: C and C4
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Fact:

® Cx2)=(@1,20,0,...) =(0,0,0,0,...) = (0),.

®2)=1=C.



Summary: C and C4

OB

‘0(\ ‘$"
A
«(\)“"'

A
€Z
A= What is

the good counterpart?

Fact:

® Cx2)=(@1,20,0,...) =(0,0,0,0,...) = (0),.

®2)=1=C.



Symmetric MZVs (SMZVs) 13/52

® Forkiy,...,k, € /51, ® € {*,1m1} and
C*(k1yeeesky) := Z°(2py o+ 21,3 Dlr=0  (zx = yx*1 € Q(x, y)),

ks s k) = 2(—1)kr+'"+ki+l G (Kktye ooy kS (Kyyennskivt) € Z,
C5.(0) := 1=0
For any index k,
gk — Chk) € L) Z.

For kis-..,ky € Zo1,
Cslkry..., ky) = ok, ky) mod T(2) € Z/C(2)Z.

For example: Cs(2) =2¢(2) = 0 mod ¢(2) (cf. Ca(2) = (0),).




Kaneko-Zagier conjecture 14/52

® ()-vector space spanned by SMZVs:

Zsi :={(Csk) | wt(k) = k)g, Ls:= Z ZS k-
k=0

Theorem (Yasuda ’16): Zs =2Z/¢2)Z.

(ELENGEY LRI RSN H (T{-H There exists a ()-algebra isomorphism

Pz + Za=Z/C(2)Z
such that ¢xz(CA(K)) = Cs(K) for any index k.

Remark:

® C4(k) and Cg(k) satisfy exactly the same (Q-linear relations !!



Relations for 4 and Cg 15/52

A S
Cak) = (0), Cglk) =0
Catk 1) = Chk)C A gk 1) =Cg(kiCg)

Cakml) = (=)™ (K, ) tgkm ) = (~1)™Vg g(k, )



Problems for C4 and Cs 16/52

1. Prove the Kaneko-Zagier conjecture!!

2. Set 3(k) := (B ) (B,: the n-th Bernoulli number).
Forodd k > 3, 3(k) # (O)p?
Remark:  3(k), «— &(k) mod &(2):

B

Eul p—k

k) “=” gk—(p-1) = = 3(k)p)
p k

3. What family of relations achieves dimg Zax < dr-37

Remark:

cak (1) = (0), (VI>1,Vks.t wik) +1= k),
Catkm (D)) = (~D™OC (k1) (Vk, I s.t. wtk) + wt(l) = k).

4. Find and prove the relations that hold for both C4 and Cg.
5. Seek common frameworks for C# and Cs. (»)



Summary: Kaneko-Zagier conjecture 17752

A -
&‘“Q Sum of products
A3 € Z:=2Z/t@Z
Kaneko—Zagler
conjecture

Remark:

Kaneko-Zagier conjecture has been further “refined” in recent years!!



p-adic FMZVs 18/52

® Rosen introduced a generalization of A:

=([;| Z/p"Z)/(EPB Z/p"Z) (A = A),

A =lim A,. M Ay Sy A

® Each ﬂ IS equped with the discrete topology. A
® ¢,: A—> A,~> Alp"A = A,, where p := ((p mod P")»),

DY (el ielo M/ 2 To [ (M "\ VAYUIH FOr k1,...,k, € 751,

Calkis. .oy ky) :=((C<plkry ..., k) mod p") ), € A,
t.:ﬂn(kla coey kr) :=(z;<p(k19 ooy kr) mod pn)p € ﬂn-

Remark: Ca(K) = Cz(kK) mod pfff( C4(K) is a lift of CA(Kk).




t-adic SMZVs 19752
® Fork = (kl,. .., k;): index, ® € {x,m} and C°*: e-regularized MZVs,
5 (k) := Z(— Db g (ky, .., ki)

X Z [ﬂl(k i )]§ (kptlpy ooy kigy + 1)t 4 € Z[[t]]

Lis15eesl, 20 j=i+
® Theorem (Jarossay 20, Ono—-Seki—Yamamoto '21):
Z}(k) — ?;g(k) € ¢(2)ZI 1.

Definition (7-adic SMZVs): | Fe @ T M Wiy

Cg(kla coes k) = Cé(kla ..+, k) mod C(2),
Cs,(kiy... k) := Cglky, ..., k) mod t"
Remark: Cgs(k) = Cg(k) mod ¢: C5(K) is a lift of Cs(K).




Refined Kaneko-Zagier conjecture 20/52

® Let Z;and Zg be the topological ()-algebras

Za= {Z a;C z(k;)p" a; € U, ki : Index, },

n; € 7o With n; = oo (i = o0)
i1

a; € ), k;:index,
n; € 79 With n; = oo (i » o)J"

Zs ={ ) aitglion”

i>1
® Theorem (Jarossay 20, Ono-Seki-Yamamoto ’21):
Zs=(Z/e2)D11.

SEHGET R ELHEUGEF LIRS | [Ial[{(-H There exists a topological ()-algebra
Isomorphism

bzt Z7=(Z/E2)DIt]

such that . .
dz(p) = t, Pkz(Cz(K) = Cs(k) (Yk: index).




Relations for p-adic FMZVs and ¢-adic SMZVs 2'*3

B p1(p-1)-k+1

k—1+pm-1 mod p*) € A, (F = A)
C(k) mod C(2) € Z[I¢NI/(#") (F = S)

® lLetf € {A,S}and 3¢, (k) := {

Theorem (A: Washington’98, Sakugawa-Seki’17, S: trivial by definition):

Forn, k € 751,

n—1
—(_1\k k+1-1 I _ J(p mod p*), (F =A
Cr (k) = (1) ;( ; )3¢,,(k+l)xﬂ, [xﬁ = {t mod 7" (F = S) J

Theorem (Seki ’17, Jarossay 20, Ono-Seki-Yamamoto ’21):

For any indices k and I,
Ca(k = 1) = C=(K)C=(I),
dep(l)

;?(k ml) = (_l)wt(l) Z I_I (l + m; — l)ci?(k, I_I__m)twt(m)

mMeE(Z)drd  j=1




Problems: C; and Cs 22/52

1. Prove the refined Kaneko—Zagier conjecture!!
2. Find and prove the relations that hold for both € 7 and Cg.

3. Extensions of relation families from C# and s to (5 and Cg



Summary: Refined Kaneko-Zagier conjecture

23/52

A >

pE

.
.
.
.
[l
[l

Sum of products

’Kaneko—Zagler@

conjecture

@ Refined @

Kaneko—Zagier
conjecture

€ Z:=Z/t@)Z

t =0

€ Z

€ E[[t]]




(s, t)-adic SMZVs 24/52

DL LT (e s R AR [R5 PA'LHH For an index K = (kq,..., k;),

r

Sq(SES Z( Byt

ki+1;—
\ ( )]C (ki + Uiy eeos ki + I;)(—s)l1*th

ll ,l €Z>0
k; + l; -1 z ;
2; (k + lra ki+1 + li+1)t rrr i
Jj= l+1

mod £(2) € Z[[s.21.

ra 9 l+1 GZ>0

s=0 =0

‘ CS, ~> C ~> CS tO tl t2 oo t"
5 ()" [5s “Sn
[ H|rose—Kawamura proved (=s)!
— the (s, t)-adic harmonic relation (—s)?
— the (s, t)-adic shuffle relation : S,t
— the (s, #)-adic duality =2 S

— the (s, t)-adic cyclic sum formula



The counterpart of (s, £)-adic SMZVs 29152

Definition (Hirose—Kawamura ’25): iz g/ X#

. 1 ) _
Qﬁ(kl,...,kr) = (( Z — modp)p)nef(

1
ap<m<--<m.<(a+1)p ml

Remark: C;(k) = (k)

L GG N (G RS EVE =W E)H Assume that the refined Kaneko—Zagier

conjecture is true. Then, Z;?Sf(k) is the unique element of (Z/C(2)2)Is, ¢l
satisfying

b ) = £k

for any integer a € 7.




Summary 26/52

© <z

06&\9(‘\‘ 2 - Sum of products

73 @ € Z:=Z/tdZ
0

Kaneko—Zagier

conjecture
A> @ € ZIIt1
Refined
a=0 Kaneko—Zagier a=0
conjecture .
A3 % € ZIt




Summary 27/52

© <z

06&\9(‘\‘ 2 - Sum of products

73 @ € Z:=Z/tdZ
0

Kaneko—Zagier

conjecture
A> @ € ZIIt1
Refined
a=0 Kaneko—Zagier a=0
conjecture .
A3 % € ZIt
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Review of definitions 29/52

® Forki,...,k, € Z>1,n € 75, put,

CKtyeees Ky) 1= [ﬂ(k+l )]z; (ky + lyoves ke + 1) € Z.

l] l€Z>() J= =1
li+++1l,=n

DY R TN For kq,...,k, € Z5>1 and m € 754,

C etseens k) 2= ) (=DF R ey RS (K i) € ZITEL

n=0 i=0

sz(kla ) kr) = Cg(kla ) kr) mOd tm € Z[[t]]/(tm)a
Cslhyeees k) 2= Tk, ky) mod §(2) € ZI¢1l.

We will consider special values of r-adic SMZVs.




Indices in which 1 and 3 appear alternately 30/52

In this talk, a good index means an index in which 1 and 3 appear alternately.
For example:

9, (1,3), 3,1,3), ({3, 1}2) =(3,1,3,1).

These good indices are classified as follows:

a

4 .

)

® Case ({1,3}%) = (1,3,...,1,3)

a

.

N\

® Case ({1,3)%,1) = (1,3,...,1,3,1)

a

.

N\

® Case ({3,119 =(3,1,...,3,1)

a

.

N\

® Case ({3,1)4,3)=(3,1,...,3,1,3)

Why are these indices “good”?
—> MZVs for these indices can be expressed as polynomials in RZVs.



MZVs for good indices 31/52

o L-NEEMRIE] (conjectured by Zagier '94, proved by Borwein—Bradley—
Broadhurst—Lisonek '01): For a € 75y,

da
27 € 4a

;({19 3}%) = @a + 2)!

o LNER M BEMR)] (Bowman—Bradley °03): For a € 7y,

63,1}, 3) = 4~ Z(—l)’c(m + 3541
€ QIL2),53). L) L. ]

Remark:

22a+1 4a

ay — 4 da
?;({4})—(4a+2)!e@7r :




Regularized MZVs for good indices 32/52

Recall: C*: %-regularized MZVs.

o LENCR A BN RIS §] (Bachmann—Charlton '20): For a € 75y,

3,1 =272 Y (=D™ME i+ DEE) + 3L
1<i<a-1
0<j<a-i-1

+ (=D ) 4744,

=0

C((1,3)%, 1) = 2724 N (18 @i + DE(4)*).
i=0

Remark: The antipode formula gives

D CDTEHT ({47 = bap.
i=0



Summary: MZVs for good indices

For any good index, ¢*(K) is expressed as a polynomial in RZVs.

k

({1, 3}9)

({3,1}%,3)

({3, 1})

({1, 3}% 1)

g (k)

O

O

O

O

Question:

How about #-adic SMZVs for good indices?

Observation:

In general, C}(k) IS not always expressed as a polynomial in RZVs.
—> When does §§ (k) have a polynomial expression for m € 75¢?

33/52



Case ({3’ l}a) 34/52

COEﬁ.tm—l(;g({3, 1}%)) is a polynomial in RZVs for m = 1, 2, 3.

Theorem (Hirose—Murahara—Saito '24): g g KA

—4)2 __1\a0"ap—ai+2
C5, (3, 1)) = XYy cpye 2 g (2ay +

(d4a + 2)! L (2ay +2)!
ap+a;=2a
_1 a02a0—a1—a2+2
N ()Za T Qan+ D e + D
0 .

ap,ai,as 20
aptai+ar=2a

Remark: For m > 4, it is reasonable to think that Z;j‘9 ({3, 1}*) does not have a
polynomial expression in RZVs because

COEffﬁ (2;; (39 19 39 1))

= GRCAD) + FL3)’TB) + 283)L(3, 5) - 2E(3, 3, 5) mod L(2)




Case ({1,3}4,1) 35/52

COEﬁ.tm—l(Cg({l,3}a, 1)) is a polynomial in RZVs for m = 1,2, 3.

Theorem (Hirose—Murahara—Saito '24): g g KA

(_4)a+1
da + 4)!

7T4a+2 {

¢, (11,31, 1) =

Z (_1)a1 Yao—a; +2

2ag + 2)! TG Qar + D
0 °

+ (-1)°

ag,a1 =0
apt+a;=2a+1

Remark: For m > 4, it is reasonable to think that ?;j; ({1, 3}4,1) does not have
a polynomial expression in RZVs because "’

Coeff < (5}, (1,3,1) = 3E(3)8(5) + £(3,5) mod §(2)



Case ({3,1}4,3) 36/52
Coeff, (¢ ({3, 1), 3)) is @ polynomial in RZVs.
® By the definition of {s(k), we see that
Ci’;l({3, 1},3) =0

Remark:

For m > 2, it is reasonable to think that C; ({3, 1}4,3) does not have a
polynomial expression in RZVs because "’

Coeff, (S (3,1,3)) = =5C(3)5(5) — C(3,5) mod ¢(2)



Case ({1, 3}%) (1/2) 37152

COEﬁ.tm—l(Cg({l,3}a)) is a polynomial in RZVs for m = 1, 2.

Theorem (Hirose—Murahara—Saito '24): g g KA

2-4“ _4 ap+1 2_ _4 —-aq
6L (1,31 = g (> YT B2 D) g day + 1)
S (da + 2)! L (4ay + 2)!
a0-|’-a1_=a 2 +2
ao—aq
e Gl O PN C* 2ay + 1))t
ao,azlz() (2a0 + 2)!
aptai=2a
a0,61120dd

Remark: For m > 4, it is reasonable to think that Z;j‘9 ({1, 3}*) does not have a

polynomial expression in RZVs because
Coeff ts(@i‘g 1,3,1,3))
4

= —85¢(11) - 283)24(5) - £(3)5(3, 5) + 24(3, 3, 5) mod &(2)




Case ({1, 3}%) (2/2) 38/52

?;z‘; ({1, 3}4) presumably does not have a polynomial expression in RZVs
3
because
Coeff tz(@i"g (1,3,1,3))
3

= 38Q2)TB)L5) + L(2)E3,5) — 3832 L@ — LBTT) + FL(5)* — 155(10)

However, Ci’; ({1, 3}*) mod C(2) is conjectured to be a polynomial in RZVs.
3

Conjecture (Hirose—Murahara—Saito '24): | g @' XWANY
Cs, (1, 3}%) = a0 + 2((-4)7" — L7 (da + )t

+ (-2(-4)-“ 3 tdar + 3)5@a +3)

ay,a;>0
ai+ar=a-1

£2) (((47™ =247 = 2)C a1 + DE @a + 1)

ap,a=>0

M= mod C(2)




Summary: t-adic SMZVs for good indices

t3

¢! t1 1
s D

A D

S

I
I
I
I
P——

\

!
|

C({1,3)%) ‘

\




Summary: t-adic SMZVs for good indices

zSA({3 1}%) - ({3 b

C(1, 3y, 1)‘ e

4{3 1}¢, 3)‘ | i
Ci{l 31) m

We prove that ?;:"S ({1,3}%) is
a polynomial in RZVs modulo ¢(2) !!



Main result 41/52

Theorem (F., conjectured by Hirose—Murahara—Saito ’24): jg g KA}
¢, ({1,3)%)
= 040 +2((—4)7" —4)C"(da + 1)t
+ (-2(-4)-“ 3 tday + 35 +3)

ay,a>0
ai1+ar=a-1
2. ) (9™ = 2)((-4)™ - 2)T"(a; + DT (4ay + 1))t2 mod £(2)
e
Remark:

® The blue term is congruent to CZ ({1, 3}%) mod C(2)
® Thus, we explicitly determine the red terms.



Sketch of HMS’s proof (1/2) 42/52

Hirose—Murahara—Saito’s idea: Calculating coefficientwise in ¢.

L(kyseons k) i= ) (DR ¥Rt (g k) % 0Ky K,

=0
kit = (ki +lL,.... k- + 1,).
> )

[1eees l €Z>0 J= 1
li++1l.=n

O-n(klv"akr):

Remark:
® (0 = Ceu()
® (k= ZZ( —) R g ey )G vy Kin) £

n_Ol 0

_/

=0 (Tt yoskr)

® L ({1,3}) = C"(I({1, 3}) + C*(11({1, 3}%))¢



Sketch of HMS’s proof (2/2) 43/52
Key formula: x : I)({1,3}*) = (-1)*({4}“)

o T UL E (DG4 = 28 e

e C'(LH({1,3}Y) + C(Lh({3,1)) =& (L({1,3})

-~

*
Target = Poly. in RZVs )

= (=D ((4)%)

Definition of ;i g a—1
telescoping sum Y — 4 Z C(di + 5)c({4)+
i=1

Poly. in RZVs

* a 0 1
. S (L, 31%) }: Poly. in RZVs t t
¢ (11 ({1,3})) e, (L3 [0, ((,3)) €U, (1,3))

= Z:’;Z({l,3}“) : Poly. in RZVs 05, B LI (3,1 g (13, 139)




Sketch of our proof (1/4) 44/52

Our idea: Generalizing 1,,(k)

Form,n € Z5y,

mIn(kla coey kr) — Z(_l)kr-l-m-l-k”la-m(kla coey kl) * O-n(kra sy ki+1)
i=0

(Cf. In(kl, coey kr) — Z(—l)kr-l-m-l-k”l (kla soey kl) * O-n(kra ceey ki+1))
i=0

Fact:

o L0 =Lk
® ,.[,(k = (_I)Wt(k)nlm(k)
o ?;;3({1, 3} = §GIo({1,3}%) + C"(o11({1,3}") t + T (b 12({1, 3}")) t*

Already determined Target




Sketch of our proof (2/4) 45/52

£ OL(1,3)) + (L1, 319) + T RI (1, 3))

Target ? Q0

= G (oZo({1, 3}))
= (=D ({4}9)

Definition of Cz Q
telescoping sum = 8§ Z C*(4ay; + 1)C*(4ar + 1) modC(2)
ay,a>0
ai+ar=a

- v
_—

Poly. in RZVs
01 Cah((L3") = TOR(3, 1)) (= Coeffa(C (3,11))

= 2(—4)"° Z C*(2a; + DC*(2ay + 1) mod &(2)

alyaZZO
ai1+a=a




Sketch of our proof (3/4) 46/52

For a € 75,
¢ (11({1,3}9)
= —4 Z ((—4)_a - (—4)™" - (—4)_a2)§*(4611 + 1)C"(4a; + 1) mod (2)

ay,a>0
ajt+a=a

Outline of the proof:

® (Generating functions are used in the proof.

® C'(L((1,3)")
= Zz; ((1,3)) T (3, 13°7) —Zz;*({l 3L DG, 1, 3)

(=) S —— -~
Known Known

o T3 1)~ 3 ) C @i+ DE3, 11, 3) = 24y ~2)5da+5)
i=0




Sketch of our proof (4/4) 47/52

S (o 2({1,3}) + S (11 ({1, 3}Y) + §7 (2o ({1, 3}))
Target Poly. in RZVs Poly. in RZVs
= (Poly. in RZVs) mod &(2)

= C§3({1, 3}) = T GIo({1,3}%) + C" (11 ({1, 3})) £ + T (b I2({1, 3}%)) t*
Poly. in RZVs Poly. in RZVs Poly. in RZVs

This completes the proof.

C* (mln)

m=2 C (1) C*(212)




In terms of (s, ¢)-adic SMZVs 48/52

Recall:

G200 = Y > DD RAG (hy KE Kry Kig)(=) "
m=0 n=0 =0

C (k1))

C* Guln) 19 1 12

Thus, (L1 31 canbe |

regarded as the coefficient of
—st in ;;t({l,s}a):

(—s)! C*(11o) ¢ (111) C*(112)

(—s)? C*(21p) 1) C*(212) St

——

Coeﬂ’_st(?;f,;({l, 3}a))

=4 Y (7 - - O da D@ + ) )

ap,az=>0
ai+a=n



Why is it difficult to compute Q:‘; ({1, 3}4)?

® O (B, 1} = S (lo({3, 1}) + T (o [1({3, ))t+ T (1213, 1}%)) £

& (o12((3, 1))
= Z &3, 1) 651,31 - 7 &3, 17, 351,317,

N— -
s =1
=Poly. in RZVs ~Poly. m RZVs l

=Poly. |n RZVs ~Poly. |n RZVs

® O ({L3}) = S (o({1, 3}) + T (o [1({1, 3}))t+ E (o a({1, 3}%)) t*

& (o2({1,3}%)
= Z G(11,3)) &3, 1)) - Tz; (1,3, DG (3,17, 3)

=0 ~
=Y =Poly. in RZVs | ) _Poly. in RZVs )
=Poly. in RZVs #Poly. in RZVs

- i=1 -—

49/52



Summary o0/52

® The Hirose—Murahara—Saito’s conjecture is true:
Cs, (11, 3}%) = 640 + 2((=4)™" — 4)C7(da + 1)t

+ (-2(-4)-“ 3 tday +35@as +3)

ay,a=0
ai1+ar=a-1
+ 2 Z (=™ =2)(-4)~" = 2)C"(4ay + DT (4a; + 1))t2
ay,a;>0
aj+a=a

® The key value for the proof is C*(; 11 ({1, 3}*)), which is regarded as
the coefficient of —st in gf,;f({l, 319):
CGLi((1,3)Y) (= COeff_st(z;f,S:’({l,s}%))
= —4 Z ((—4)‘“ - (—4)™" - (—4)‘“2)2*(4a1 + 1)C"(4az + 1) mod (2)

ap,az>0
ai1t+ar=a



Future Work 51/52

® Do the ﬁ-analogues of these relations also have polynomial expressions?
® |s it possible to calculate the value C*(,.1,({1,3}%)) for n > 27?

S (mdn)

(—s)"
(—s)!
(—s)*

(—s)?

¢Y t1 12 3

C*(11p) C*(111) C*(112) C*(113)
C*(21y) C*(21y) C*(212) C*(213)

SE) ¢ (1) C*GI2) C*GI3) 5,1

—

S



52/52

Thank you very much
for your attentlon"




¢*(111(K)) for the other good indices. 53/52

T LIS LR Let n € 759 and K be an index. If k = k and wt(K) is odd,

then
C*(nln(k)) = 0.
Proof:
By definition, ,I,(K) = (=1)™® I,(K) = —,I,(K) = ,I,(K) = 0. =
For example:

For good indices k = ({1, 3}4,1) and ({3, 1}4, 3),

¢c(1({1,3}%1)) =0,
C(11({3,1}%,3)) = 0.



Generalization of the trio value 54/52

e Tl N(AHN For an index k = (ky,..., k;),

Y iln-i(k) = (oo (k).
i=0

Remark:

® o,k = Z o(K) * o,_;(1) implies the Proposition.
° g;(olo({l,s}‘l’:)()) = (-1)?C:(({4}%) «: Poly. in RZV mod&(2) for n > 3 72



Why —g? 55/52
® Kontsevich'sorder: (0) <1 <2<+ < (0o ==-00) << =-2<-1<(0)

2 (k) = 3 Dyt (mf;) ks k,-)(—s>m)(§ G rs o K )t")

=0
r
=0 O<my<e<my
0<mr<---<mi+1

(_ l)kr+'"+ki+1

(my + $)kr <« (m; + $)6i(m, — t)kr <+« (mjpq — £)kie

4 1
Z Z (my + s)kr e oo (m; + s)ki(myyq + t)kir1 <o« (m, + )%

=0 O<my<e<my
m;q<-+<m,<0

1
mq < Z < m (ml + S)kr e (m, + S)ki(mi+1 -+ t)ki+1 ce e (mr + t)k,..

NV
Kontsevich’s order




Common frameworks between ¢4 and (g 56/52

® Kontsevichsorder: (0) <1 <2<+ < (00 ==00) <+ <=-2<-1<(0)

* . 1 °.
G0 = tim ), —— -A ;
0<my <--<m,(<0) ml ceem, p-2 p)
|m1|9"°9|mr|<M ;_ 1 1 L
Np= 04
® BTT philosophy (Bachmann—Takeyama—Tasaka '18):
qg—1 q—1
Cs(Kk) < _ q-MZVs . » Ca(Kk).
analytic sense algebraic sense

® Unified Multiple Zeta Function (Komori 21):

r
Czi(S1sevesSrs b1, b2) = Z(—I)S’J'"'Jrs”l C(S1se ey Sis LDC(Sry o e ey Sivts L2),
—

(9



Unified Multiple Zeta Function

DY NG N Gl IsRPa b For sq,..., 5, € C with sufficiently
large Rs1,..., Rs, and Rt < 1,

r
Czg(S1seeesSrs b1, b2) = Z(—I)S’Jﬂ"ﬂ"+1 C(S1seees8is LC(Sry o e vy Sivts L2),
=0

1 .
(?;(Sb---,sr;t) E Z , (—1)S=e’”s).

d<ma e, (1 = 1)1 <o+ (my = 1)

Remark:

® C7(S1,...,8r5 t15 £2) is holomorphic for s1,...,5, € Cand 1,1, € C\ Z5;.
® (; unified G, S, Gty Gs> 7 G5 Z;?S’f by specializing t1, t, appropriately.
® C*(11:({1,3}?)) is regarded as the coefficient of 717, in C;({1,3}) (<)



The meaning of 74, 1,

® Kontsevich'sorder: (0) <1 <2<+ < (0o ==-00) << =-2<-1<(0)
Cﬂ(sla“'asr; t1,12)

r
— Z(_l)sr+m+si+1 C(Sla ceos Si; tl)g(sra ceey Si+1; t2)
i=0

4 1
- Z Z (my—11)5r =« (m—11)%(Myyy + 1)1 <« (M, + 12)°r

=0 0<my<-<m;
Mj1<s+<m,<0

« 5 Z 1
S1 Sy 123

—11<my <L+<m,<1> ml tee mr

® CY(kiy...s k) = Cglhn,e s kes —s, 1) mod §(2) A

Kontsevich’s

order



The values of C*({3,1}%) and Z;j({S, 1}4)

Proposition (K. recall) jgelg/ XWANY
(3, 13

a+1

= ) 2(-4)7CM@i + DEI3, 137, 3) + 2((-4)™*" - 2)4(da + 5) mod §(2).
i=1

Theorem (Bachmann—Charlton "20): g KWAYY

(3, 13"
a+l1 a+1

= ) 2(=4)7C@i + DT3B, 17, 3) + (=D ) (=)@ ).
i=1 J=0

Problem: It is a problem whether we can prove these results in a unified way.




The value of @;({3, 1}4)

(3,1} = 3= + 1L3Y%

C((3,1}%) = pamrs — 22030 + HLA)LS) + TL(5)? - 1L3)5)
+ L3, 5),

C(3, 1) = ng;’;’g’:;;‘m + AZLLBP — BELBLS) — HLBLG) - IEL5)?
+ 355 Z5E3)D) + 417472 LT + 558(7)* - 1153§0 ¢@3,5) - Z—;?;(S)Q(9)

+ HLL(5)59) + LADEE) + Z-5(3,9).
(<)



The value of @;({3, 1}4,3)

C((3,1),3) =

C((3,1,3) =

C((3,15,3) =

123)* - Z g 5) + By(9),

Z5E3) + AEE(5) + L83)EB)? - B3P + Wrg9)
+ T r(11) + £3,5,5) — BRg3) + 163, 5)¢09),

W;oo@@? - e 2 L3)5(5) — %m)
— AL + LBL(5)24(7) + SLB)ET? + E5L(3, 5)5(5)
+ 13;3;3:00 9) - 16@(3)@(5)@(9) c<3 5)5(9) + A e (11)
LTADLB)? + SL3,9505) + Z4(3,5,5) - 2y (13)
+ L r15) + 16(5,3,9) - 16(5,5,7) — 2 a7).

(©



