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Several multiple zeta values (MZVs) ~series~

~ MZVs and Multi-polylogarithm (MPL)
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Finite MZV (FMZYV)
A:=(I1,2/r2)/(B, 2/ p7)
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-~ Symmetric MZV (SMZV)

CE (k) := ) (=Dfrtthiviemy,
i=0 x (™ (ky Ki+1)

.....

— (s(k) := (s (k) mod {(2)2 € Z2/(2)Z.

J
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(all $4(k))q C A,

ZA .
(all {s(K)))q = Z2/£(2) 2.

ZSZ

Conjecture (Kaneko—Zagier).

Zu~ Z/LQ)Z LK) < Ls(K).




lterated integral

In this talk, we use Tangential base points §2(4/2?

0 :=1g (.)_> 1" := (1), (—l

Definition (Regularized iterated integrals). Fix ai,...,a; € {0, 1} and tangential

base points x,y € {0’,1'}. For y : [0,1] — C: path from x to y such that
y((0,1)) € C\{0, 1},

Remark. Fix ag,ar1 € {0, 1} with ag # a1, ar # ayy1. For a path y from ag to ag 1,

k

dy(t;)
Iy(aosar, ... ak ak+1) = / Hy(t)_la
l I

0<t) <<t <1'= 1



Several MZVs ~integrals~

6)
° > o ° = o
Let dch be a straight path from O to 1: o 7 L deh(z) :=1 (¢ é?dﬁ/ﬁ )
(dch: droit chemin = straight path).
/MZVS and MPL ~
(=) C(ky,... . ky) = T4 (0; 1,051 . 1,0 ) e 2 (ky > 1),
(=) k1, ... ky) = Lin(0; 1,051 1,071 1) e Z,
(—1)" Lig, ...k, (X) = Lgen(0; 1,071 . 1,071 X)) (0< X < 1).
- J
What is ({s(K) in
Calky, ... ky) terms of iterated in-
tegral?
— . k1—1 kr—1.
— (Coeffp (Idch(O,l,O 1 ,...,1,0 ’X)l—X)) :>ReﬁnedSMZV’
P INC J
- /




Refined SMZV (RSMZV)
Set B, := dch- " -dch™! forn € Z-. S2(6/??)

s > I:dch

(o) 04 8 . Bn

Fork = (ky,...,k;), define a linear map L, : Q{eg,e;) — C by

Ly(ex, ---ex,e1) = 1Ig (0; 1,007 1,051 1;0)

_2 : b—a+1
3 ((bmn)+ 5 (1) Hhrtthpremge, k) (ks ... kpyq) € 2minZ[2min).
_a !

0<a<b<r
k;=1 (a<Vj<b)

For w € Q{eg,e1), A L(w;T) € TZ|T]s.t. L(w;2win) = L,(w).

=D’
T

Definition. (Hirose) Crs(k1, ..., kp;T) := L(ex, - -ex.e1;T)

r

Remark. Crs(;0) = {8(K) i= Y (—DF = hcg(hy o k)E ke + -+ ki),
i=0
Hirose call {rs(K; 27ri) RSMZVs and prove {rs(k; 27i) = {G(K) (mod 2ni Z[2mi]).



Summary

(=) Cky,... k) = L4 (0; 1,051 1,011 (k, > 1),
(—1)r§m(k1,.. ky) = Lien(0'; 1,051 1,0 71: 1),
K (X) = Tgn(0; 1,051 1,071 X) (0<X <1,

.....

X
Calky, ... ky) = (cOeffp (Idch(o;1,0"1_1,...,l,Ok”_l;X)l—)) ,
D

— X
. D .
Crs(ki, ..., kr;T) := T L(ex, - -ex.e1;T),

Cs(ky, .. kr) = Crs(ky,... . kr:0)

Crs ki, ... kp:2mi) = L

2mi

Ig(0'; 1,051 1,071 1:0)

Cs(ki,....kr) =Crs(k1,...,kr;2mi) mod 2mi Z[2mi].




Weighted sum formulas for { (F € {A, S})
WSFs for ¢ r [ A: Kamano(2018), S: ?] For parameters A1, A2, §1, 52 and r, §2(8£D?)

3 (<—1>fz+fzxaugzg{1 2 GRED £ ABEN (A 4+ A2 (4 szy'z)
i1+ir=r
j1+ja=s x 3 Er(k,1) = 0.

kel(i1+j1+1,i1+1)
lel(ir+jo+1,ir+1)

Kamano’s idea: Expansions in two ways

1 X dr X du \’" X dr X du'\*  dtdu
Krs(X)=110 0<z<x()“/t 1-r/”2/u l—u’) (&/, 7+52fu u’)(l—t)(l—u)'

O<u<X

Lin(0;bs(k); X)  Coeffp(Kr s (X) 12x)
X I4eh (05 bs(1); X) p—m=—m (mod p)

Binomial expansion ——— s (=DM Wz (k. 1)

| !

K;s(X) : dch WSF:s for ¢ 4

|
Coeftp (Kr,s(X)%) T

/ + f 5 Taen(0; bs(k), bs(D); X) > Gp (k.1

O<t<u<X Oo<u<t<X

>
Question Cg:dch<«—(s: 8 =




Weighted sum formulas for { (F € {A, S})
WSFs for ¢ r [ A: Kamano(2018), S: ?] For parameters A1, A2, §1, 52 and r, §2(8£D?)

3 (<—1>fz+fzxaugzg{1 2 GRED £ ABEN (A 4+ A2 (4 szy'z)
i1+ir=r
j1+ja=s x 3 Er(k,1) = 0.

kel(i1+j1+1,i1+1)
lel(ir+jo+1,ir+1)

Kamano’s idea: Expansions in two ways

1 X dr X du \’" X dr X du'\*  dtdu
Krs(X)=110 0<z<x()“/t 1—#”2[, l—u’) (&/, 7+52fu u’)(l—t)(l—u)'

O<u<X

Lin(0;bs(k); X)  Coeffp(Kr s (X) 12x)
X I4eh (05 bs(1); X) p—m=—m (mod p)

Binomial expansion ——— s (=DM Wz (k. 1)

| !

K;s(X) : dch WSF:s for ¢ 4

I
Coeftp (Kr,s(X)%) T

/ + f 5 Taen(0; bs(k), bs(D); X) > Gp (k.1

O<t<u<X Oo<u<t<X

?
Question 4 :dch «<— (s : B — YES!!
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¢ Main Theorem



Weighted sum formulas for s

2102
Main Theorem [WSFs for {s] For parameters A1, A,,£1,& and r, s € Z>y,

S (O EABE S + QU + A6 + 202 + 80 )
i.l ii_2=r
j1+72=s

X > 2k, 1) = 0.

kel(ii+j1+1,i1+1)
lel(ir+jo+1,ir+1)

Remark. These formulas hold without modulo £(2)Z.

Idea: Expansions in two ways

1 X dBa(t)) X dp.u’y \
Irs(X) =05 / O4t mao—r+“,lﬂawr4)

e<t<X
e<u<X

% (51 . dpn(t) + g . dﬁn(u/))s dpn(t)dpn(u)
¢ Bn) v  Ba') ) (Bu(@®) = D(Bu(u) —1)
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¢ Sketch of the proof of the Main Theorem



Comparison the proof of WSFs for { 4 and (s

SA1D /DD
SA\LA

' ' m|_>p_m I o o)
Binomial _ 1Laen(0;bs(K); X) p—m=—m (mod p) (1O, (k1)
expansion " xgen(0:bs(); X)) Coefty (K s () 1 55) | PR

|
K;s(X) : dch WSF:s for ¢ 4
| T
— I4cn(0; bs(k), bs(l); X > ¢p(k,1
/ + / deh (03 bs(K), bs(l); X) Cootty (Kys (X) 1Xe) Cp (K, 1)

O<t<u<X O<u<t<X

. . B L(®)=Bn(1—-1) « _
Binomial I,Bn (,Bn (6); bS(k), ,Bn (X)) Transformation of integr\al (— 1)W é‘RS (k, l; T)

expansion <L, (Bu(@:5W: Bu(X)) | 1o A0, +Pr(T)
| 0<X<l1 <
I

+

> (rs (kI T)

[+ [+ i@ bs: 5,60 — PR ITS

e<t<u<X e<u<rt<X 0<X<l1




Proof (1/2) (n = 1 for simplicity)

-1 —B(1—
1,3 (IB (6); bS(k), :8 (X)) TrarllBsforrglta)tior'?(gf inggral\ (_ l)wt(l)é— (k i T) 4 ;7/(173)/??)

I—>(—1)W“‘>1ﬂ—1 (B~1(1 = X);bs(D); B~ (1 — €))

i+ j>+1
= (DO Y Ig(B(X):bs)iHL: (1 —€))Ig—1 (B (€):bs(D);: B~ (1 — )
1=0
/ IEEELTTI \
ﬂ(l —e) 18*1(6)
Qe-::8 o] — Qer:ig Qe o]
- \ pH1-9
51 ) B0 - X)
N —m = + -
(—1)"Oips (k. L T)
,B 'V“) IBn, ir Ip—1 (_1)k—|—h—|—1
2win ~ T. + Z Z T L(ek() .“ekil eliz "’€lh_m;T)L(€]0_1 el 1€m+1, T) .
h=0m=0

a:=(am,....,a1),a; :=(ay,...,a;),a :=(a;,...,an) fora= (ay,...,am) €{0,1}.



Proof (2/2)

These calculation in terms of I, 4(X): §2(14/??

ir+jo+1911 921 &J2 )
S coEenge e Y (skr)
i.1+i-2=l” kel(ii+j1+1,i1+1)
J1+Jj2=s l€el(ix+j2+1,i2+1)

iz Ip— 1( 1)k+h+1

D3

L (ek, ek €l el —m; T)L(ejy—1---e1,_em+1:7T) )

h=0m=0

= Y AVE 278+ )2 (E + £)7 Y trskLT).
i.1+i_2=r kel(i1+j1+1,i1+1)
J1t+Jj2=s lel(iz+jr+1,i2+1)

Crs(k;0) = {5 (k),
L(w:;T) € TZ[T],

Since green terms vanish and we finally have WSFs for ¢ (K).



Weighted sum formulas for  » For parameters A1, A,,&1,& and r, s € Z&Ql 5/??)

3 (<—1>fz+fzxamgzs{1 2 GRED £ ABEN A+ AR (4 szy'z)
i.l——ll:i.2=r
J1+j2=s

X > tr(k,1) = 0.

kel(ii+j1+1,i1+1)
l€el(ix+j2+1,i2+1)

Remark. WSFs for /' = S hold without mod{(2) Z.

Thank you for your kind attention!!



