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Several multiple zeta(-star) values (MZ(S)Vs)
/MZ(S)V ~
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A:=(1,2/r2)/(®, 2/p2)
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ki)
X Caplher,. .., kit1)

chk, . ky)
= (¢5_y (k1. ..., kr) mod p) = £500) = lim £5 (k) mod £(2)2
L €A BN cZ/t@z.
24 = (all £4(k))g C A, Conjegture (Kaneko—-Zagier).
ZAa~Z/8Q)Z : Lak) < (s(K).

Zs = (all {s(k)))g = Z2/C(2)Z.



Several relations for MZSVs ,SMZSVs and FMZSVs  S1(#/13)
o c {0, F} with F € {A, S}.
wt(k) = k } (§(k) (o = ).

Io(k,r,s) = {k :adm.| dep(k) = _ p—k —
ok, 1..5) { am‘ E&ii))=sr 3°(k)_<(Bk modp)p (o =A),

{(k) mod £(2)2 (e = S).

Aoki-Ohno’s relation[: Aoki—Ohno (2005), A: Kaneko—Oyama-Saito(2018), S: 7]

>k = 2(2"5__11)0 ~217)30(k) (k.5 € Zo).

kely(k,*,s)

Sum formula[@: Granville (1996), Zagier (1995) A: Saito—Wakabayashi(2015), S:
Murahara(2016)]

)3 c.*<k>=((k _:)m,}—(—l)")s.(k) (k.1 € 7).

kelo(k,r,*)

Generalized height-one duality[@: Li (2012), A, S: Sakurada(2019)]
For O € Q[£(2),¢(3),2(5),¢(7), .. ],
D™ Y@= (=D Y ik =80 (m.n.s € ).

kelp(m+n+1,n+1,s) kelop(m+n+1,m+1,s)
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Generalized height-one duality

We prove these relations for ¢s(K)at once.
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Main Theorem »  (i(k)= Y  *(0+Pr,s mod{(2)Z, (k.r,s € Z5)
kelg(k,r,s) kelg(k,r,s)
where P s € Q[€(3),2(5),¢(7),...] witha + B = x + y,aff = xy — z? is given by

1 ra+x)r{-y) B o
oc,B(F(I—I—x—,B)F(l—y-|—IB)_1)_ Z P r,s y. oz

k,r,s>0

€ Z[[x,y,z]] mod ¢(2)Z.

Remark. I'(1 + x) = exp(—yx - Z(—l)"#x") (|x| < 1).
n=2

e Aoki-Ohno’s relation--- If x =y = P, =0mod ((2)Z.
* * k—1 —
> ogk= Y rM+0- 2(2S - l)(1 )

kelg(k,*,s) kelg(k,*,s)

e Sum formula--- If z?2 = xy = P, = (—1)"¢(k) mod £(2)Z.
* * r k—1 r
Yonm= Y e+ 1k = (( - 1) 1) )i
kelg(k,r,*) kelg(k,r,*)

e Generalized height-one duality --- S analogue of the generalized height-one
duality vanishes because of Py , .
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Sketch of the proof of the Main Theorem $1(9/13)

Definition. Fork = (k1,...,k;), M € Z-¢, we define
{—Mr
* . .
Lk 1) 1= > T o € Qrrl.
mi=<-<my ml My
o<|mq|,..., lm,_1|<M
—M<m,<0
where “<”: 1 <2 <--- < (00 = —00) < -+ < =2 < —1.

Remark. 25 (k;0) =0, Z5 (k1) =5 ;,(K) — 3 (K).

And we consider a differential equation of the following generating function:

(
Af (1) = Z( > D%A}(k;z))xk—"—sy’”—sz”—z,

) k,r,s>0 ‘kelg(k,r,s)
* —
A% 4 (0) = 0.




Differential equation of A} ., (¢ =
/ q 0, M( ) \‘

dzAgaM(t)
dt?

dA(’;,M(t)
dt

t(1—1) — (xy —2%) Af 4 (1)

. * M g *
=Pspy — 17 Py

+ ((1 —1)(1 4+ x) —ty)

Unique solution:  Ag 5, (1) = @5 j,u1(t) — Pypuz, m (7).

\_ J
cm=1+ ) ( > z.*,M<k>)xk—r—Sy"—Szzs (o € {0.S)).
k,r,s>0 kel(k,r,s)
(k,r,s)#(0,0,0)
1 o, B
t) = — |, F ct)—1),
“1) aﬂ(2 1(x+1 ) )
tM M M, 1
Uy m () = ) o+ M.p+ ) —1),
! (o +M)(B+ M) x+M+1,M+1

a+pB=x+y,

aff = xy — z2,

where




Put ¢+ = 1 and take the limit M — oo, §1(11/13)

AS,M(I): CPE,Mul(l) —ij\}uz,M(l)

-~

—>®Zu1(1)=u;(1) —0



Put r = 1 and take the limit M — oo, S1(11/13)

AS’M(I): @g’Mul(l) — @y un p(1).

-~

—®Xui(1)=u;(1) —0

(Coeft(Dyy: x* 75y 2%y = Y~ ghy(ky..... k)
kel(k,r,s)

N\

M 1 r
< C(l —I—/ Edm) = O(log" M) (3C > 0),
1

1

Coeff(us a7 (1); x¥ 7775y 522572y = O (—),
\ M

log" M
— Coeﬂ“(qﬁ&uz,M(l);xk_r_syr_szzs) = O( O%w ) >0 (M — 00).



Put ¢+ = 1 and take the limit M — oo,
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—®Zu1(1)=u;(1)

-~
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RLRCITURD B (D SN (SRR ) Bttt

k,r,s>0 ‘kelg(k,r,s)

Jim 25 = (14 3 (X ga0) )

k,r,s>0 ‘“kel(k,r,s)
(k,r,s)7#0 ~ ~~ -~
=0

ap

1( I'a+x)r{d—-y) B
I'l+x—-pIr1—y+p)

1) mod ((2)Z

= Z Pk,,,,sxk_’”_sy’"_szzs_2 mod ((2)Z.

k,r,s>0

Comparing these equations implies Main Theorem.

(@a+B=x+y,aB =xy—2z?

[]



Summary 31(13/13)

Main Theorem.

Y = ) (K + Prpsmod {(2)Z.

kelo(k,r,s) kelyg(k,r,s)

Sete € {0.5}, 0 € Q[¢(2),¢(3),¢(5),¢(7),...],

Aoki—Ohno’s relation : Z Cr(k) = 2(
kely(k,*,s)

k
28

__11><1 2Rk,

Sum formula : Z ¢y (k) = ((l: - I) + 5.,3(—1)’”)§(k),

kely(k,r,*)
Generalized heigh-one duality : (—1)" Z cr(k) — (=1)" Z CS(K) = Se g 0.
kelop(m+n+1,n+1,s) kelop(m+n+1,m+1,s)

Remark.

Yo k=D Y (D) Es(k).

kelg(k,r,s) kelg(k,r,s)



