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Several multiple zeta values (MZVs) ~series~
e MZVs and Multi-polylogarithm (MPL) ~
1
tky, ..., k)= ) T —cZ (k> 1),
O<mqi<--<my S my;"
¢ (k.. ., kp):=Z"(ex,  -ex,:T)|lT=0 (ex; := €1€§i_1 € Q(eo. e1)).
X
Lig,,.. ke, (X) = ) 7 O<Xx<.
0<mq<-<m, M1 ceemy”
\_ J
~ Finite MZV (FMZV) ~N/" Symmetric MZV (SMZV) ~
A:=(I1,2/p2)/(B, 2/ pZ) d
g g CE(K) 1= Y (—DFrttkivem e k)
Calky, ..., kr) i=0 x %k, ..., kit1)
= (p(ky, ..., kr)mod p) € All = ts(k) :={%(k) mod £(2)Z € Z/L(2)Z.
N\ AN J
Conjecture (Kaneko—Zagier).

ZAZ

Zs = (all {s(K)))q =

(all L a(k))q C A,

ZIEQZ. | Za~ Z/LQ)Z k) < Ls(K).
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In this talk, we use Tangential base points

0" :=1g (.)_) 1" :=(=1); (—l

Definition (Regularized iterated integrals). Fix aq,...,ar € {0, 1} and tangential
base points x,y € {0’,1’}. For y : [0,1] — C: path from x to y such that

y((0,1)) € C\ 10,13,

k dy(t;) a : k+1
/ = co + E cj(loge)! + O(elog"“t1e).
L vt) —a;

J=1

E<t) <<t <l—e

We define 1, (x;ai,...,ak;y) := co.

Remark. Fix ag,ar1 € {0, 1} with ag # a1 and ay # ay 4. For a path y from a¢ to
Ak+1>

k

dy(t;)
Iy (ag;an, ... ax;ak4+1) = / :
’ ! s y(t) —a;

0<t) <<t <1'=




Several MZVs ~integrals~ 5/19

— . - -
Let dch be a straight path from O to 1: o - 1 - deh(z) :=1 (¢ €0, 1])

(dch: droit chemin = straight path).
- MZVs and MPL ~

(=) Cky,.... k) = L4 (0; 1,051 1,0 1) e 2 (k, > 1),
(=) k1, ... . ky) = Lin(0'; 1,057 1,071 1) e Z,
Lig, 5, (X) = Lon(0; 1,057 1,071 X) (0< X <1).

,,,,,

\_ J
- FMZV N/ SMZV ~
What is (s(k) in
Calky, ..., ky) terms of iterated in-
Lin (0: 1, Okl—l, Ny Ok'”_l; X) tegral?
= | Coett), — — Refined SMZV!
- P |\ J

o J




Refined SMZV (RSMZV)(1/2) 6/19
Set a path 8 := dch- « - dch™!.

s—>——= : dch

: S o : : B

Definition (Hirose, RSMZV). For an index k = (kq,..., k), define
(_l)r / ki1—1 kr—1 /
Crs(K) = —1g(0;1,0°1 77, ..., 1,077, 1;0)
271
(—27i)" . i
— Z (b_a_|_ 1)'(—1)k7+ +kb+1§ (k1’°--,ka)§ (kr,...,kb_l_l)
0<a<b<r )
kj=1 (a<Vj=<b)
€ Z[2ni].

Remark. Crs(K) is a lift of {s(Kk):
Crs(K) = Z(—l)kr+"’+ki+1§m(k1, oo ki) (kp, ... kiv1) (mod 2mi Z[2mi]).
i=0

Hirose: DSR, duality, ... etc. for {s(K) by using {gs (K).



RSMZV(2/2) 719

Set a path B,, := dch- «” .dch™! forn € Z- and a linear map L, : Q{eg,e1) — C by
B

Ly(ex, ---ex,e1) = Ig (0'; 1,071 10571 1;0)
e 2xinZ2min],

-@
0

Then there uniquely exists L(w; T) € T Z[T'] for w € Q{eg, e1) such that

L,(w) = L(w;2min).

Definition (Hirose).

é‘RS(kl,...,kr;T) =

Remark.

o g‘RS(kl,,kr,znl) — ;RS(k19°°°,kr)9
® (rs(ky,....kr;0) =C5(k1,.... k).



Summary 8/19

(=) Cky,. ... k) = T4 (0; 1,057 1,07 1:1)  (k, > 1),
(=) k1, ... ky) = Lin(0'; 1,057 1,05 71: 1),

Lig, . 5, (X) = Lin(0; 1,071 1,071 X) (0<X <),
Ly (0: 1,011 1,0k~ 1. X
Ealky,. .. ky) :(Coeffp den X) ,
1—X )
(_l)r / ki—1 kr—1 /
Crs (ki ... ky) = — Ig(0'; 1,051 1,071 1:0)
tsky, ... ky) = Crs(ky,... k) mod 2mi Z[27i],
(=1)’
Crs(ki, ... kp;T) = T L(ek, - -ex,e;T),

é‘glsu(kl’°--’kl") — gRS(k19,kraO)




Weighted sum formulas for » (F € {A, S}) 9/19

WSFs for {r [A: Kamano (2018), §: 7] For parameters A1,A,,§1,& and r, s €

ZZOa

> ((—1)"2“%”1%;25{1 2+ OTE 2380 + A2 (6 + sz>f2)
i’l—_||:i2=r
J1TJ2=S§

X > ¢r(k,1) = 0.

kel(ii+j1+1,i1+1)
lel(ir+jr+1,ir+1)

0 (ky>1),
Fork = (k1.... . k). setwk) .= 10 K1 > D
m (ki ==k =Lknt1>1.
r—1
(A1, 42,61,6) = (1,0,0,) = Y~ wkir®k) = (=) "¢, Lr+ 1)
kel(k+rk) (k c Z>0,r c ZZO)?
A A2 E1.8) = (L L-1,D)= Y  2Y®rrk) =0 (k€Z:0.2 <r:even).
kel(k+rk)

Remark. These WSFs for (s are not yet proved.



Proof of WSFs for ¢ 4 10/19

Kamano’s idea: Expansions in two ways

Kr’S(X) X / X / X / X /\ S
1 dt du’ \’ dt du dtdu
= — A A — :
rls! / (1/, 1—t’+ 2/u l—u’) (élft t/ +§2/u u’) (1—-0)(1—u)
Oo<r<X
O<u<X

Fork = (k1,...,k;), setbs(k) := (1,061, .. 1,0% 1.

T4cn(0; bs(k); X Coeffp (K5 (X)/(1—X)) w -
dh( ( ) ) D . (_1) t(l)é-p(k, l)

l

K, s(X) : dch WSF:s for ¢ 4

‘ w
/ T / — 1L4cn(0; bs(k), bs(1); X)

O<t<u<X O<u<t<X

Binomial expansion —— Ly, (0: bs(1): X) p—m=—m (mod p)

Coeffp (Kr,s (X)/(1-X))

? é‘p (k’ l)

0
Question g:dch<«—(s: 8 =
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Kamano’s idea: Expansions in two ways

Kr’S(X) X / X / X / X /\ S
1 dt du’ \’ dt du dtdu
= — A A — :
rls! / (1/, 1—t’+ 2/u l—u’) (élft t/ +§2/u u’) (1—-0)(1—u)
Oo<r<X
O<u<X

Fork = (k1,...,k;), setbs(k) := (1,061, .. 1,0% 1.

T4cn(0; bs(k); X Coeffp (K5 (X)/(1—X)) w -
dh( ( ) ) D . (_1) t(l)é-p(k, l)

l

K, s(X) : dch WSF:s for ¢ 4

‘ w
/ T / — 1L4cn(0; bs(k), bs(1); X)

O<t<u<X O<u<t<X

Binomial expansion —— Ly, (0: bs(1): X) p—m=—m (mod p)

Coeffp (Kr,s (X)/(1-X))

? é‘p (k’ l)

?
Question 4 :dch «<— (s : B =— YES!!
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Main Theorem [WSFs for {s] For parameters A;,A,,£1,& and r, s € Z>o,

> ((—1)"2“%"1%;25{1 2+ OFE 23800+ A)2(E + szw‘z)
i’1:|l—_i'2=r
J1TJ2=S§

X > £4(k,1) = 0.

kel(iy+j1+1,i1+1)
lel(ir+jo+1,ir+1)

Remark. These formulas hold without modulo £(2)Z.
0 (k1 >1),
m (ki =-=kpn=1knt1> 1).k
—1

Fork = (k1,...,k;), set w(k) :=

" —
(A1, 42,61,6) = (1,0,0,1) = Y~ wk)sk) = (=) "s(l,.... Lr+1)

kel(k+r,k)
' (k € Z>0,I’ € ZZO)’

A Az bn ) = (L 1L-1,1) = Y 2"®gk) =0 (k€ Z-0,2 <7 : even).
kel(k+r,k)
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me—p—m

Binomial . [dch (0, bS(k); X) p—m=—m (mod p)

7 s (=1 wt(l) k i
expansion XLgen (05 bs(1); X)  Coeffp (K s (X)/(1-X) (=D (1)

!

I

K, s(X) :dch WSFs for ¢ 4
| T

/ + / — Idch(O; bS(k), bS(l); X) Coell ) (K, s (X)) (1—X)) ? é'p (k, l)

O<t<u<X O<u<t<X

1 X dBa(t) X dBa) \"
)= [ (“/t Bat)—1 "2, ﬂnw')—l)

e<t<X X / X N\ S
e<u<¥ (51/ dpn(t’) +§2/ dﬂn(u)) dpn(t)dpn(u)
t u

Pn(t’) Bnw') ) (Bn(@) — D(Bn(w) —1)

. . B (t)=Bn(1—1) « _
Binomial I,Bn (,Bn (0), bS(k), ,Bn (X)) Transformation of integr\al (— I)W éRS (k, I; T)

expansion xIg, (Bn(0):bs): Bu(X)) | 1,048 +Prs(T)
| 0<X<l1 <~
I

+

> Crs(k, I T)

f 4 f 5 Ig, (Bn(0); bs(K), bs(1); B (X))

O<t<u<X O<u<t<X 0o<X<l1

/“ Ir,S(X) d,Bn(X)

Bn(X)—1




Proof (1/4) (n = 1 for simplicity) 15/19

1g(B(€);bs(k); B(X)) T S;fggral 0 _
> ()" WVers (kI T) + Pryg(T)

xIg(P(e);bs(); B(X)) | I..0x0)£B

e<X<l—e

03&5\1 Bt)=p"1(1-1) 501'('1::\1

I5(B(e); bs(k); B(X)) 5 (B(e); bs(1): B(X))
= (=)D Ig(B(e); bs(k); BX)) g1 (B (1 — X):bs(D): B (1 — €)),

where a := (a,,, . .., ap) fora = (ay,..., an) € {0, 1},



Proof (2/4) 16/19

7 bs(k); B(X)) T BBy -
,B(IB(G)’ S( ), ransformation of in egra> (—I)Wt(l)é'RS(k,l; T) 4+ Pr,s(T)

x1g(B(€);bs(l); B(X)) [ LX) AE

e<X<l—e

Point 2:
B(1— o)
Qe-::9" o1 — Qe
(1 \
B0 X)

(=D D15 (B(e); bs(k); BX)) -1 (B (1 — X):bs(D): B~ (1 —€))
= (=)D 15(B(e); bs(k); B(X) )(m B(X) ;bs(l); B(1 — €))

i2+j2+1 _
+ Y Ig(BX) sbs)iH: B(1—e) g1 (B~ (e):bs();: B (1 - 6))),
=1

where a; ;= (aq,..., a;)and a’ ! := (a;41,..., any) fora = (aq,..., am) € {0, 1},



Proof (3/4) 17/19

—1 _ 1—
1 B (,B (6 ); bS(k), ,8 (X )) T1rarlllgsforrglta)tlor’ll8 (gf 1n2gral

xIg(B(e);bs); B(X)) | 150 gi’”’

e<X<l—e

()" Oeps (kL T) + Pry(T) .

(— 1O (13 (B(): bs(k), 1. 55): (1 — )

2+ j2+1
3 (B bs). 1;bs<1>i+1;ﬁ<1—e))lﬂ—lw—l(e);m;ﬂ—la—e))).
i=1

By B ~» B, and 2win ~~ T, we have

(—D)"Orps (k.1 T)

i k+h+1
(— 1)
+ Z Z L (ex, e el el ) T)L(ejy—1---e1,_em+1:7T) .
h=0 m=0
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These calculation in terms of 7, (X):

ir+jo+1qi172&]1&J2 )
Z (_1) 22 A1 Az %.1 2 Z (é‘RS (k, 1, T)
i.1+i-2=l’ kel(ii+j1+1,i1+1)
J1+Jjr=s lel(ir+jo+1,ir+1)

i2 Ip— 1( 1)k+h+1

2D

L (ek, ek el el —m; T)L(ejy—1---e1, em+1:7T) )

h=0m=0

Y ATE + AT END M+ A2)2 (61 + 62 Y trskLT).
i.1+i.2=r kel(i1+j1+1,i1+1)
J1t+j2=s l€l(ix+j2+1,i2+1)

Crs(k;0) = {5 (k),
L(w:;T) € TZ[T],

Since green terms vanish and we finally have WSFs for ¢ (K).

[]



Weighted sum formulas for {r For parameters A1, A,,£1,& and r, s € Z>y,

3 ((—1)"2“%%25{1 P2 QUED 4 ADE O+ AR + &)Jé)
i’lil?:r
J1TJ2=S§

X > ¢r(k,1) = 0.

kel(ii+j1+1,i1+1)
lel(ir+jr+1,ip+1)

Remark. WSFs for F = & hold without mod((2)Z.

Thank you tfor your kind attention!!



