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3/19Several multiple zeta values (MZVs) �series�
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4/19Iterated integral
In this talk, we use Tangential base points
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Definition (Regularized iterated integrals). Fix a1; : : : ; ak 2 f0; 1g and tangential
base points x; y 2 f00; 10g. For 
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5/19Several MZVs �integrals�

Let dch be a straight path from 0 to 1: 0 1
: dch.t/ WD t .t 2 Œ0; 1�/

(dch: droit chemin = straight path).
MZVs and MPL� �

.�1/r�.k1; : : : ; kr / D Idch.0I 1; 0k1�1; : : : ; 1; 0kr �1
I 1/ 2 Z .kr > 1/;

.�1/r�x.k1; : : : ; kr / D Idch.00
I 1; 0k1�1; : : : ; 1; 0kr �1

I 10/ 2 Z;

Lik1;:::;kr
.X/ D Idch.0I 1; 0k1�1; : : : ; 1; 0kr �1

IX/ .0 < X < 1/:� �
FMZV� �
�A.k1; : : : ; kr /

D

�
Coeffp

 
Idch.0I 1; 0k1�1; : : : ; 1; 0kr �1IX/

1 �X

!�
p

� �

SMZV� �
What is �S.k/ in
terms of iterated in-
tegral?
) Refined SMZV!� �



6/19Refined SMZV (RSMZV)(1/2)
Set a path ˇ WD dch � ˛ � dch�1.
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Remark. �RS .k/ is a lift of �S.k/:
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Hirose: DSR, duality, : : : etc. for �S.k/ by using �RS .k/.



7/19RSMZV(2/2)
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8/19Summary
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9/19Weighted sum formulas for �F .F 2 fA;Sg/

WSFs for �F [A: Kamano (2018), S: ?] For parameters �1; �2; �1; �2 and r; s 2
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Remark. These WSFs for �S are not yet proved.



10/19Proof of WSFs for �A
Kamano’s idea: Expansions in two ways
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For k D .k1; : : : ; kr /, set bs.k/ WD .1; 0k1�1; : : : ; 1; 0kr �1/.

Binomial expansion Idch.0I bs.k/IX/

�Idch.0I bs.l/IX/
.�1/wt.l/�p.k; l/

Kr;s.X/ W dch WSFs for �A

Z
0<t<u<X

C

Z
0<u<t<X

Idch.0I bs.k/; bs.l/IX/ �p.k; l/

Coeffp.Kr;s.X/=.1�X//

p�m��m .mod p/

Coeffp.Kr;s.X/=.1�X//

Question �A W dch
‹
 ! �S W ˇ H) YES!!



10/19Proof of WSFs for �A
Kamano’s idea: Expansions in two ways

Kr;s.X/

WD
1

rŠsŠ

Z
0<t<X
0<u<X

�
�1

Z X

t

dt 0

1 � t 0
C�2

Z X

u

du0

1 � u0

�r�
�1

Z X

t

dt 0

t 0
C�2

Z X

u

du0

u0

�s
dtdu

.1 � t /.1 � u/
:

For k D .k1; : : : ; kr /, set bs.k/ WD .1; 0k1�1; : : : ; 1; 0kr �1/.

Binomial expansion Idch.0I bs.k/IX/

�Idch.0I bs.l/IX/
.�1/wt.l/�p.k; l/

Kr;s.X/ W dch WSFs for �A

Z
0<t<u<X

C

Z
0<u<t<X

Idch.0I bs.k/; bs.l/IX/ �p.k; l/

Coeffp.Kr;s.X/=.1�X//

p�m��m .mod p/

Coeffp.Kr;s.X/=.1�X//

Question �A W dch
‹
 ! �S W ˇ H) YES!!



11/19

Contents

§1 Introduction

§2 Main result

§3 Sketch of the proof



12/19Weighted sum formulas for �S

Main Theorem [WSFs for �S ] For parameters �1; �2; �1; �2 and r; s 2 Z�0,X
i1Ci2Dr
j1Cj2Ds

�
.�1/i2Cj2�

i1
1 �

i2
2 �

j1

1 �
j2

2 C .�
i1
1 �

j1

1 C �
i1
2 �

j1

2 /.�1 C �2/i2.�1 C �2/j2

�
�

X
k2I.i1Cj1C1;i1C1/
l2I.i2Cj2C1;i2C1/

�xS .k; l/ D 0:

Remark. These formulas hold without modulo �.2/Z .

For k D .k1; : : : ; kr /, set w.k/ WD

(
0 .k1 > 1/;

m .k1 D � � � D km D 1; kmC1 > 1/:

.�1; �2; �1; �2/ D .1; 0; 0; 1/)
X

k2I.kCr;k/

w.k/�S.k/ D .�1/r�1�S.

k�1‚ …„ ƒ
1; : : : ; 1; r C 1/

.k 2 Z>0; r 2 Z�0/;

.�1; �2; �1; �2/ D .1; 1;�1; 1/)
X

k2I.kCr;k/

2w.k/�S.k/ D 0 .k 2 Z>0; 2 � r W even/:



13/19

Contents

§1 Introduction

§2 Main result

§3 Sketch of the proof



Binomial
expansion
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15/19Proof (1/4) (n D 1 for simplicity)
Iˇ .ˇ.�/I bs.k/Iˇ.X//

�Iˇ .ˇ.�/I bs.l/Iˇ.X//
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0 1
ˇ.�/

ˇ.X/

ˇ.t/ D ˇ�1.1 � t/
0 1

ˇ�1.1 � �/

ˇ�1.1 �X/

Iˇ .ˇ.�/I bs.k/Iˇ.X//Iˇ .ˇ.�/I bs.l/Iˇ.X//

D .�1/wt.l/Iˇ .ˇ.�/I bs.k/Iˇ.X//Iˇ�1.ˇ�1.1 �X/I bs.l/Iˇ�1.1 � �//;

where a WD .am; : : : ; a1/ for a D .a1; : : : ; am/ 2 f0; 1gm.



16/19Proof (2/4)
Iˇ .ˇ.�/I bs.k/Iˇ.X//
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�
;

where ai WD .a1; : : : ; ai / and aiC1 WD .aiC1; : : : ; am/ for a D .a1; : : : ; am/ 2 f0; 1gm.
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Iˇ .ˇ.�/I bs.k/Iˇ.X//
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ˇ.X/�1
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�
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�
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.�1/wt.l/�RS .k; lIT /
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These calculation in terms of Ir;s.X/:
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�
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C

i2X
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T
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X
k2I.i1Cj1C1;i1C1/
l2I.i2Cj2C1;i2C1/

�RS .k; lIT /:

Since

(
�RS .kI 0/ D �xS .k/;

L.wIT / 2 TZŒT �;
green terms vanish and we finally have WSFs for �xS .k/.

□



Weighted sum formulas for �F For parameters �1; �2; �1; �2 and r; s 2 Z�0,

X
i1Ci2Dr
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2 C .�
i1
1 �
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1 C �
i1
2 �
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2 /.�1 C �2/i2.�1 C �2/j2

�
�

X
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�F .k; l/ D 0:

Remark. WSFs for F D S hold without mod�.2/Z .

Thank you for your kind attention!!


