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Multiple zeta(-star) values (MZ(S)V)

Definition 1 (MZ(S)V)
Fork = (ky,..., k) € (Zso)” with k, > 1,

1
Clhryoo k)= Y

0<mi<--<my ' 1 m,"
1
* _ § :
C (kl""7kr)__ kl...rnkr
0<mi<--<m, "1 T

For an index k = (kq, ..., k),
o the weight wt(k) := k1 + -+ + k.,
o the depth dep(k) :=r,
o the height ht(k) := #{i | k; > 1}.

Kento Fujita joint work with Yasushi Komori |A congruence between SMZSVs and MZSVs 2020/02/17

4/18



Several relations for MZSVs
Iy(k,r,s) = {k : admissible | wt(k) = k,dep(k) = r, ht(k) = s},
Io(k,*,s) =, lo(k,r,s), Io(k,r,x) =, Lo(k,m,s).

e Aoki—Ohno’s relation [Aoki-Ohno (2005)]
E—1
Yk (23 B 1) (1 —=2"M)C(k) (K, s € Zsy).

KETo (k%)

@ Sum formula [Granville (1996), Zagier (1995)]

-1
° Generallzed helght-one duality [Li (2012)]
(0™ D, Cl=(1" Y Ck)eQU2).¢B3).¢6), - ),

kelp(m+n+1,n+1,s) kelp(m+n+1,m+1,s)
<m7 ne Z>O)‘
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Symmetric MZ(S)V (SMZ(S)V)

Definition 2 (SMZ(S)V)
For k= (k... k) € (Zso)" M € T,
1
G (k) = Z TR

PR T
0<my<---<m,.<M it m,

T

Csu(k) = Z(—l)k”ﬁ'n%rﬁ*w(kl, o k)G (K -y i)

=0

We define symmetric multiple zeta(-star) values by

Ga(0) = i G5/() (mod ((2)).
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Finite MZ(S)V (FMZ(S)V)

o A:= (Hp F,)/( D, F,) where p runs over all primes.
@ For an index k, finite multiple zeta(-star) values are defined by

9 = (G modp) €A

p

@ Kaneko—Zagier conjectured that

Cak) = (s(k)

where Z is the Q-linear space spanned by 1 and all MZVs and
Z 4 is the Q-linear space spanned by 1 and all FMZVs .
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Several relations for SMZSVs and FMZSVs

Fe{S A} 35(k) = {%g) gi%

e Aoki—Ohno’s relation[.A:Kaneko-Oyama-Saito(2018), S:7]

> Go=2(y 7\ )a- 230 (s ez

keI (k,*,s)

@ Sum formula[.A:Saito-Wakabayashi(2015), S:Murahara(2016)]

> au=((F2) e )am trez.

keIo(k,r,%)

(Byg:Bernoulli number).

e Generalized height-one duality[F:Sakurada(2019)]
D™ Y GR-(=D" Y Gl =0 (mn,s € Zs).

kelp(m+n+1,n+1,s) kelo(m+n+1,m+1,s)
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Aoki—Ohno'’s relation

Sum formula

OO0
OO0
Ol@,

Generalized height-one duality
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Aoki—Ohno'’s relation
Sum formula

OO0
OO0

Generalized height-one duality

We prove these relations for (5(k) at once.
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Theorem 3 (Main Theorem)
Fork,r,s € Z~y,

Y Gk= ) K+ Ps (mod ((2)),

kely(k,r,s) kely(k,r,s)

where Py, s € Q[¢(3),¢(5),¢(7),...] by
1 T(1+2)0(1 - y)
a_6<F(1+w—ﬁ)F(1—y+6) ‘1)
= 3 Pty € Zllny,2]) (mod ((2)),

k,r,s>0

witha+ =z +y, aff =xy — 2°.

Remark I'(1+z) =exp (—7:5 + Z(—l)”%z”) (lz| <1).
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Corollaries of Main Theorem
@ Aoki-Ohno’s relation --- If z =y = P, =0 (mod ((2)).
* k—1 —k
> oam= Y cm=2() " )u-2hw)
kelo(k,*,s) kelo(k,*,s)

e Sum formula--- If 22 =2y = Py, = (—1)"((k) (mod ¢(2)).

Y. Gl= ) )+ (1))

kelo(k,rx*) kelo(k,rx*)
kE—1
= —1)" ) {(k).
((E20)+cr)em
o Generalized height-one duality - - - S analogue of the

generalized height-one duality vanishes because of P, ..
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Sketch of the proof of Main Theorem

Definition 4
For k = (k1,..., k), M € Z~q, we define

Ly k;t) = E o n € Q[t],
R T, mqy ey
0<|m1|,...,\mr_1|§M
—M<m,<0

where "<": 1 <2<+ < (c0=—-00) <+ < -2 =< —1.

Remark  Z(k;0) =0, Z(k;1) = (5 (k) — Gy(k).
And we consider a differential equation of the following generating
function:

St = X (X itn) oty

k,r,s>0 “kelp(k,r,s)

* —
6,1(0) = 0.
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-~ Differential equation of Ag (%) ~

d*Af dA} o\ A x
Sl (-t ) Py 0

= q)g,M - th)va

t(1—t)

Unique solution:  Ag ,/(t) = ®F p,ui(t) — Phug n(t).

NG Y,
Q=1+ ( > C:M(k>>:c’”"’y”225 (e € {0,S}),

k7T7820 ke[(k,T,S)
(k,T,S)#(0,0,0)

1 B\ a+p =x+y,
=g (L)) e I

B tM a+MB+M1
w2 (t) = (a+ M)(B + M) (3F2<x+M+1,M+1’t> _1)'
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Put ¢ = 1 and take the limit M — oo,

far(D) = O5 (1) — (1),

e

—)@jgul(l)zul(l) —0
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Put ¢t = 1 and take the limit M — oo,
Af (1) = @5 pun(l) — Pjum (1)

" Vv
%égul(l)zul(l) —0

f= Z X(a,b,c)x™y’ 2 = Coeff(f; 2%y 2°) := X (a, b, c).

a,b,c>0
(Coeff(cbﬁw; ghr TSy = Z Gk, .o k)
kel(k,r,s)
M 1 T
< (1+/ —dm) = O(log" M),
.om

1
Coeff (g s (1); 255y 22272 = O (—),
\
log" M
M

= Coeff (D7}, us 0/ (1); xk’“sy“sz%) = O( ) — 0 (M — o0).
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Put ¢t = 1 and take the limit M — oo,
AS,M(D = (Dfs,MUl(D - ?’7\4“2,M<1)/-

—><I>gu1z{)£u1(l) =0
* o * e k—r—s, r—s _2s—2
o 0= Y (5 (G00-co) Joryea
k,r,s>0 “kelp(k,r,s)
i 5 (1) = (1+Z ( > Gk ) brmsyr QS)ulm
k},T,SZO kEI(kJ T S)
() P U ——
=0
1 (14 2)I(1 —vy)
= — mod (2
e Ay ) e
= Z Pkrsxk r— syr s 2s Zmod(( )
k,r,s>0
(a+B=1+y,ab =zy— 2%
Comparing these equations, we obtain Main Theorem. O
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Put ¢t = 1 and take the limit M — oo,
AS,M(D = (Dfs,MUI(D - ?’7\4“2,M<1)/-

-

—><I>gu1z{)£u1(l) =0
* o * e k—r—s, r—s _2s—2
Jim 8= 5 (X (G909 ) Jarrmye
k,r,s>0 “kelp(k,r,s)
: * _ k—r—s r s 25
Jmes,nm = (14 (X g Juw)
k},T,SZO kEI(kJ T S)
() P U ——
=0
1 (14 2)I(1 —vy)
= — mod (2
e Ay ) e
= Z Pkrsxk r— syr s 2s Zmod(( )
k,r,s>0
(a+B=x+y,ab =zy— 2%
Comparing these equations, we obtain Main Theorem. O
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Summary
e Main Thorem

Soogm= Y k) + Py mod ((2).

/

kely(k,r,s) kelo(k,m,s)
Set o € {0, S}, @ € Q[¢(2),¢(3),¢(5), -,
k _
AO.. - 2(23 - 1) (1 - 2)(h)
kEI() k,*,s)
k— r
S = ((E2)) #sestoar e,
kGIO kT*

GHOD.: (-1)" 3 G- (1" Y k) =b.00.

kelp(m+n+1,n+1,s) kelp(m+n+1,m+1,s)
Remark > (k)= (-D"" > (-1)¢s(k).
kely(k,r,s) kely(k,r,s)

Kento Fujita joint work with Yasushi Komori |A congruence between SMZSVs and MZSVs 2020/02/17 17 /18



Thank you for your attention!
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