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Multiple zeta(-star) values (MZ(S)V)

Definition 1 (MZ(S)V)

For k = (k1, . . . , kr) ∈ (Z>0)
r with kr > 1,

ζ(k1, . . . , kr) =
∑

0<m1<···<mr

1

mk1
1 · · ·mkr

r

,

ζ⋆(k1, . . . , kr) =
∑

0<m1≤···≤mr

1

mk1
1 · · ·mkr

r

.

For an index k = (k1, . . . , kr),

the weight wt(k) := k1 + · · ·+ kr,

the depth dep(k) := r,

the height ht(k) := #{i | ki > 1}.
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Several relations for MZSVs
I0(k, r, s) = {k : admissible | wt(k) = k, dep(k) = r, ht(k) = s},
I0(k, ∗, s) =

⋃
r I0(k, r, s), I0(k, r, ∗) =

⋃
s I0(k, r, s).

Aoki–Ohno’s relation [Aoki–Ohno (2005)]∑
k∈I0(k,∗,s)

ζ⋆(k) = 2

(
k − 1

2s− 1

)
(1− 21−k)ζ(k) (k, s ∈ Z>0).

Sum formula [Granville (1996), Zagier (1995)]∑
k∈I0(k,r,∗)

ζ⋆(k) =

(
k − 1

r − 1

)
ζ(k) (k, r ∈ Z>0).

Generalized height-one duality [Li (2012)]

(−1)m
∑

k∈I0(m+n+1,n+1,s)

ζ⋆(k)−(−1)n
∑

k∈I0(m+n+1,m+1,s)

ζ⋆(k) ∈ Q[ζ(2), ζ(3), ζ(5), . . .],

(m,n ∈ Z>0).
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Symmetric MZ(S)V (SMZ(S)V)

Definition 2 (SMZ(S)V)

For k = (k1, . . . , kr) ∈ (Z>0)
r, M ∈ Z>0,

ζ⋆M(k) =
∑

0<m1<−···<−mr<M

1

mk1
1 · · ·mkr

r

,

ζ⋆S,M(k) =
r∑

i=0

(−1)ki+1+···+krζ⋆M(k1, . . . , ki)ζ
⋆
M(kr, . . . , ki+1).

We define symmetric multiple zeta(-star) values by

ζ⋆S(k) := lim
M→∞

ζ⋆S,M(k) (mod ζ(2)).
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Finite MZ(S)V (FMZ(S)V)

A :=
(∏

p Fp

)
/
(⊕

p Fp

)
where p runs over all primes.

For an index k, finite multiple zeta(-star) values are defined by

ζ⋆A(k) :=

(
ζ⋆p (k) mod p

)
p

∈ A.

Kaneko–Zagier conjectured that

ZA
?−→ Z/ζ(2)Z

∈ ∈

ζA(k) 7→ ζS(k)

where Z is the Q-linear space spanned by 1 and all MZVs and
ZA is the Q-linear space spanned by 1 and all FMZVs .
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Several relations for SMZSVs and FMZSVs

F ∈ {S,A}, ZF(k) =

{
ζ(k) (F = S),(Bp−k

k

)
p

(F = A),
(Bk:Bernoulli number).

Aoki–Ohno’s relation[A:Kaneko–Oyama–Saito(2018), S:?]∑
k∈I0(k,∗,s)

ζ⋆F(k) = 2

(
k − 1

2s− 1

)
(1− 21−k)ZF(k) (k, s ∈ Z>0).

Sum formula[A:Saito–Wakabayashi(2015), S:Murahara(2016)]∑
k∈I0(k,r,∗)

ζ⋆F(k) =

((
k − 1

r − 1

)
+(−1)r

)
ZF(k) (k, r ∈ Z>0).

Generalized height-one duality[F :Sakurada(2019)]

(−1)m
∑

k∈I0(m+n+1,n+1,s)

ζ⋆F(k)−(−1)n
∑

k∈I0(m+n+1,m+1,s)

ζ⋆F(k) = 0 (m,n, s ∈ Z>0).
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ζ⋆ ζ⋆A ζ⋆S
Aoki–Ohno’s relation © ©

©

Sum formula © © ©
Generalized height-one duality © © ©

We prove these relations for ζ⋆S(k) at once.
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Theorem 3 (Main Theorem)

For k, r, s ∈ Z>0,∑
k∈I0(k,r,s)

ζ⋆S(k) ≡
∑

k∈I0(k,r,s)

ζ⋆(k) + Pk,r,s (mod ζ(2)),

where Pk,r,s ∈ Q[ζ(3), ζ(5), ζ(7), . . .] by

1

αβ

(
Γ(1 + x)Γ(1− y)

Γ(1 + x− β)Γ(1− y + β)
− 1

)
≡

∑
k,r,s≥0

Pk,r,sx
k−r−syr−sz2s−2 ∈ Z[[x, y, z]] (mod ζ(2)),

with α + β = x+ y, αβ = xy − z2.

Remark Γ(1 + x) = exp

(
−γx+

∞∑
n=2

(−1)n
ζ(n)

n
xn

)
(|x| < 1).
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Corollaries of Main Theorem

Aoki–Ohno’s relation · · · If x = y ⇒ Pk,r,s ≡ 0 (mod ζ(2)).∑
k∈I0(k,∗,s)

ζ⋆S(k) ≡
∑

k∈I0(k,∗,s)

ζ⋆(k) = 2

(
k − 1

2s− 1

)
(1− 2−k)ζ(k).

Sum formula · · · If z2 = xy ⇒ Pk,r,s ≡ (−1)rζ(k) (mod ζ(2)).∑
k∈I0(k,r,∗)

ζ⋆S(k) ≡
∑

k∈I0(k,r,∗)

ζ⋆(k) + (−1)rζ(k)

=

((
k − 1

r − 1

)
+ (−1)r

)
ζ(k).

Generalized height-one duality · · · S analogue of the
generalized height-one duality vanishes because of Pk,r,s.
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Sketch of the proof of Main Theorem

Definition 4
For k = (k1, . . . , kr), M ∈ Z>0, we define

L ⋆
M(k; t) :=

∑
m1⪯···⪯mr

0<|m1|,...,|mr−1|≤M
−M≤mr<0

t−mr

mk1
1 · · ·mkr

r

∈ Q[t],

where “≺”: 1 ≺ 2 ≺ · · · ≺ (∞ = −∞) ≺ · · · ≺ −2 ≺ −1.

Remark L ⋆
M(k; 0) = 0, L ⋆

M(k; 1) = ζ⋆S,M(k)− ζ⋆M(k).

And we consider a differential equation of the following generating
function:

∆⋆
0,M(t) =

∑
k,r,s≥0

( ∑
k∈I0(k,r,s)

L ⋆
M(k; t)

)
xk−r−syr−sz2s−2,

∆⋆
0,M(0) = 0.
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Differential equation of ∆⋆
0,M(t)

t(1−t)
d2∆⋆

0,M(t)

dt2
+

(
(1−t)(1+x)−ty

)
d∆⋆

0,M(t)

dt
−(xy−z2)∆⋆

0,M(t)

= Φ⋆
S,M − tMΦ⋆

M ,

Unique solution: ∆⋆
0,M(t) = Φ⋆

S,Mu1(t)− Φ⋆
Mu2,M(t).

Φ⋆
•,M = 1 +

∑
k,r,s≥0

(k,r,s)̸=(0,0,0)

( ∑
k∈I(k,r,s)

ζ⋆•,M(k)

)
xk−r−syr−sz2s (• ∈ {∅,S}),

u1(t) =
1

αβ

(
2F1

(
α, β

x+ 1
; t

)
− 1

)
,

{
α + β = x+ y,

αβ = xy − z2,

u2,M(t) =
tM

(α +M)(β +M)

(
3F2

(
α +M,β +M, 1

x+M + 1,M + 1
; t

)
− 1

)
.
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Put t = 1 and take the limit M → ∞,

∆⋆
0,M(1) = Φ⋆

S,Mu1(1)︸ ︷︷ ︸
→Φ⋆

Su1(1)≡u1(1)

− Φ⋆
Mu2,M(1)︸ ︷︷ ︸

→0

.
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Put t = 1 and take the limit M → ∞,
∆⋆

0,M(1) = Φ⋆
S,Mu1(1)︸ ︷︷ ︸

→Φ⋆
Su1(1)≡u1(1)

− Φ⋆
Mu2,M(1)︸ ︷︷ ︸

→0

.

f =
∑

a,b,c≥0

X(a, b, c)xaybzc =⇒ Coeff(f ;xaybzc) := X(a, b, c).

Coeff(Φ⋆
M ;xk−r−syr−sz2s) =

∑
k∈I(k,r,s)

ζ⋆M(k1, . . . , kr)

≤
(
1 +

∫ M

1

1

m
dm

)r

= O(logr M),

Coeff(u2,M(1);xk−r−syr−sz2s−2) = O

(
1

M

)
,

=⇒ Coeff(Φ⋆
Mu2,M(1);xk−r−syr−sz2s) = O

(
logr M

M

)
→ 0 (M → ∞).
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Put t = 1 and take the limit M → ∞,
∆⋆

0,M(1) = Φ⋆
S,Mu1(1)︸ ︷︷ ︸

→Φ⋆
Su1(1)≡u1(1)

− Φ⋆
Mu2,M(1)︸ ︷︷ ︸

→0

.

lim
M→∞

∆⋆
0,M(1) =

∑
k,r,s≥0

( ∑
k∈I0(k,r,s)

(
ζ⋆S(k)− ζ⋆(k)

))
xk−r−syr−sz2s−2,

lim
M→∞

Φ⋆
S,Mu1(1) =

(
1 +

∑
k,r,s≥0
(k,r,s)̸=0

( ∑
k∈I(k,r,s)

ζ⋆S(k)︸ ︷︷ ︸
≡0

)
xk−r−syr−sz2s

)
u1(1)

≡ 1

αβ

(
Γ(1 + x)Γ(1− y)

Γ(1 + x− β)Γ(1− y + β)
− 1

)
mod ζ(2)

≡
∑

k,r,s≥0

Pk,r,sx
k−r−syr−sz2s−2 mod ζ(2).

(α + β = x+ y, αβ = xy − z2)

Comparing these equations, we obtain Main Theorem. □
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Summary
Main Thorem∑

k∈I0(k,r,s)

ζ⋆S(k) ≡
∑

k∈I0(k,r,s)

ζ⋆(k) + Pk,r,s mod ζ(2).

Set • ∈ {∅,S}, Q ∈ Q[ζ(2), ζ(3), ζ(5), . . .],

A.O. :
∑

k∈I0(k,∗,s)

ζ⋆• (k) = 2

(
k − 1

2s− 1

)
(1− 21−k)ζ(k),

S.F. :
∑

k∈I0(k,r,∗)

ζ⋆• (k) =

((
k − 1

r − 1

)
+ δ•,S(−1)r

)
ζ(k),

G.H-O.D. : (−1)m
∑

k∈I0(m+n+1,n+1,s)

ζ⋆• (k)− (−1)n
∑

k∈I0(m+n+1,m+1,s)

ζ⋆• (k) = δ•,∅Q.

Remark
∑

k∈I0(k,r,s)

ζ⋆S(k) = (−1)k−1
∑

k∈I0(k,r,s)

(−1)rζS(k).
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Thank you for your attention!
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