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Abstract

In this thesis, we prove Aoki—Ohno’s relation for symmetric multiple zeta-star values and give
new proofs of a sum formula and a generalization of the height-one duality for these values. For
this purpose, we introduce truncated polylogarithm-like sums and prove a congruence between
symmetric multiple zeta-star values and multiple zeta-star values.
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Chapter 1

Introduction

Multiple zeta values are generalizations of special values of the Riemann zeta function which have
been studied actively since the late 1980s. It is known that the Q-linear space Z spanned by all
multiple zeta values has a structure of Q-algebra. Zagier conjectured that there are many Q-linear
relations among these values. Thus it is important to study what relations hold among them.

In recent years, besides ordinary multiple zeta values, two variants of multiple zeta values have
been studied extensively: finite multiple zeta values and symmetric multiple zeta values. Although
Hoffman and Zhao considered independently a truncated version of multiple zeta values for each
prime p, which are called multiple harmonic sums, Zagier suggested around 2010 that we should
consider a collection of mod p multiple harmonic sums for all prime numbers as an element of
Q-algebra A = (]_[ »Z/p Z) / (@p z/ pZ). Kaneko and Zagier called these elements finite multiple
zeta values and found that the Q-linear space generated by all finite multiple zeta values are equipped
with a Q-algebra structure. As in the case of ordinary multiple zeta values, they also proposed that
there are many Q-linear relations among finite multiple zeta values and it is significant to research
these relations. Further, by defining symmetric multiple zeta values as a real counterpart of finite
multiple zeta values, Kaneko and Zagier predicted a one-to-one correspondence between these two
kinds of values, which is called the Kaneko—Zagier conjecture. This conjecture implies that any
relations for the finite multiple zeta values take the same form as those for symmetric multiple zeta
values, and vice versa.

In this thesis, our main purpose is to prove a congruence between symmetric multiple zeta-star
values and multiple zeta-star values and to give proofs of three relations for symmetric multiple
zeta values which include the relation not yet proved. These relations support the Kaneko—Zagier
conjecture.

In the following, we state the structure of this thesis. First, we review some basic properties of
multiple zeta values in Chapter 2. Secondly, in Chapter 3, we state the definitions of finite multiple
zeta values and symmetric multiple zeta values and explain the Kaneko—Zagier conjecture. We



also introduce several relations for finite and symmetric multiple zeta values. Lastly, in Chapter
4, we prove our main theorem, that is, a congruence between symmetric multiple zeta-star values
and multiple zeta-star values and give proofs for three relations for symmetric multiple zeta values
including one which was conjectured. Chapter 4 is due to [6].



Chapter 2

Multiple zeta values

In this chapter, we define the multiple zeta(-star) values (MZ(S)V for short) and state fundamental
facts about these values.

2.1 Notation for MZVs

An index is a sequence of positive integers and written as k = (kq, ..., k,). In particular, an index
k = (ki,...,k,) is called an admissible index if k, > 1. For an index Kk, we set

wt(k) = ki + -+ + ki, dep(k) = r, ht(k) = #{i | k; > 1},
which are said to be the weight, the depth and the height of k, respectively.
Definition 2.1.1 (MZV and MZSV). For an admissible index k = (kq, ..., k,), the MZV is defined

by
1
C(k) =C(ky,....kp) = Z %
0<mi<--<my n/ll1 ceemy”
and the MZSV is defined by
1
W =R k)= Y
0<m15,,,5mr mll ...mrr

Conventionally, we define ¢(0) = {* (@) = 1.

Let k, kK’ be indices which have the same weight. For these indices, we set a binary relation “<”

as
def. K’ is obtained fromk = (kq,...,k,)

k' <k
And by replacing some “,”’s with “+4’s.
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By using the relation above, MZSVs are written in terms of MZVs.

Proposition 2.1.2. For an admissible index k, we have

&) =) (K. (2.1.1)
kK’ <k
Proof. (2.1.1) follows from dividing each “<” into “<” and “=" in the definition of {* (k). For

example,

cay= Y

O<m<n

1
- + )_
(0<mz:<n 0<mZ:=n ng

=4(1.2) +¢03)

= Y K.

k=(1,2)

2.2 Zagier’s conjecture
In this section, we state Zagier’s conjecture concerning Q-vector spaces spanned by MZVs.
Definition 2.2.1. For a non-negative integer k, the Q-vector space Zj is defined by
Zy:=Q, Z,:=1{0},
Ze= ) QK (k=2),

k:admissible
wt(k)=

and Z is defined by
o0
Z = Z Z.
k=0

Remark. The Z}, is the space generated by all MZVs whose weight is k. It is expected that this is a
direct sum. However, it is not yet proved by the same reason as in Zagier’s conjecture stated below.



In [27], Zagier conjectured that the dimension of Zj is equal to dj defined by the recurrence
dy = di— + di—3 (k = 3) withdy := 1,d; := 0,d, := 1. About this conjecture, the following
result is known.

Theorem 2.2.2 (Goncharov [7], Terasoma [23], Deligne—Goncharov [5]).
dimg Zx < dr (k > 0).

It is very difficult to prove dimq Zx > dj because we need to prove that MZVs are linearly
independent. Thus our motivation to study MZVs is to investigate what sorts of relations are needed
to reduce the number of generators to the upper bound. As shown in the table below, the dimension
dy of Zj is much smaller, than the total number of index sets of weight k(= 2k=2)  Therefore, it
is shown that there are at least 2¥=2 — dj linear relations among the MZVs of the same weight.

k O|1(2|3{4|5/6 |78 | 9 |10]| 11 | 12 13 14 15
de |1]0[1[1|1(2]2]3]4)| 5 7 9 12 16 21 28
22— —[1|2]4|8]16]32]64]128]256|512 1024|2018 | 4096 | 8192

Next, we show that the space Z has a structure of Q-algebra.

Proposition 2.2.3. The space Z is a Q-algebra, and the multiplication respects weightsi.e., Zy-Z; C

Zrtl.
Proof. To prove this proposition, we introduce the truncated MZVs. For an index k = (kq,...,k;)
and a positive integer M, we set
1
o) =k, k)= Y ———
o<m<-<mp<M my cc-my

It is clear that if k is admissible, then the limit limys_, » {3 (K) = ¢ (k) holds.

For any positive integer M and two admissible indices k = (ky,...,k,) and 1 = (I4,...,[),
we show the product ¢»s (K)Zas (1) is expressed as the sum of several truncated MZVs whose weight
is wt(k) 4+ wt(l) by induction on r + s.

We set r < s without loss of generality. If r 4+ s = 2 namely, r = s = 1, then we have

o =( X )T )

o<m=<M O<n<M

1
(T + 2 ¢ ¥ )i
m*n

O<m<n<M O<n<m<M O<m=n<M

= Iy (k1) + S (L k) + S (k +1).
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Assume that the assertion is true for less than r + s. We obtain

b= X ) )

O<mi<--<m,<M my .My 0<nj<-<ng<M T*1 RN

L ) )

r<my<ng<M “0<mj<--<m, my 0<ny<-<ng F1 """ 1ls
s<ng

s<ng<mp<M “0<mj<-<m, M1 0<nj<-<ng 1 """ s
a w2 o)
s<ng=my<M “0<m<-<m, M1 " Mr 0<ny<-<ng 01 """ 1s
Here, the second term is equal to

> =z 77%:X 2 T%@)

s<m, <M My No<my<o<m, M1 "My 0<ny<-<ng<m, 11

1
= Z —kré‘mr_l(kh ey kr—l)ZMr—l (l)

s<mp<M "°°T

= Culm(m,k,),

where the last sum runs over all indices m whose weight is wt(k) + wt(l) — k,, the coefficients
Cm € Z5 are some constants and we used the assumption at the last equality. Similarly, it is easily
checked that the other terms are also expressed as a sum of truncated MZVs. Lastly, taking the limit
M — oo leads to the claim. 4

Remark. By Proposition 2.2.3, we find that a product of two MZVs (resp. truncated MZVs) is
written in terms of a combination of MZVs (resp. truncated MZVs). This multiplication is called
the harmonic product.

2.3 The iterated integral expression of MZVs

Although MZVs are defined in terms of series, these values also have integral expressions. In this
section, we introduce iterated integrals and give integral expressions of MZVs. For this purpose,



we set the iterated integral /(eq, ..., €x) as follows:

I(e,. .. ) = // A, (t)dty -+ Ag (1) d 1, 2.3.1)

o<ty <-<tr<l

where €; € {0,1} for 1 < j <k, and

1 1
Ao(r) = ’ A(1) = T—;

For the convergence of the integral, we set €; = 1 and € = 0. This integral plays an important
role to lead to the integral expressions of MZVs.

Theorem 2.3.1 (Integral expressions of MZVs). For an admissible index (ky, ..., k,), we have

tkyr. k) = I1(1,0,....0.1,....1,0,....0).
—— ——
ki1—1 k,—1

Theorem 2.3.1 is obtained by expanding 1/(1—1#;) to ) -, #" and repeatedly applying termwise
integral for this series. Instead, in this thesis, we introduce the multi-polylogarithms, and prove

Theorem 2.3.1 as a special case of the integral expressions of the multi-polylogarithms.

Definition 2.3.2 (Multi-polylogarithm). For an index k = (ky, ..., k,), the multi-polylogarithm
Lik(z) is defined by

. . Zmr
Lic() = Lig, 4, ()= Y ——— (2] < D).
cem

o<mi<-<m, "1 ° r
Conventionally, we define Lig(z) := 1.

Remark. The multi-polylogarithm is holomorphic on |z| < 1. Moreover, if the index k is admissible,
then this function converges as z — 1 and the limit is given by

lim Lix(z) = ¢(k).

Ifr = 1,thenLix(z) = Y o, 2™/ m¥ is called the polylogarithm. In particular, the polylogarithm
with k£ = 1 is given by
1
Lij(z) = —log(l —z) = ﬁdt. (2.3.2)
o 1—



Lemma 2.3.3. For an index (ky,...,ky,—1,k;) and |z| < 1, we have

1.

;lelyn-;kr—l,kr_l(z) (kr > 1),
ELikls-uskr—l:kr (Z) = 1 ‘
:lel ..... o (z2) (k= 1).

Proof. The first equality is obtained by termwise differentiation.
If k, = 1, then we have

Zmr—l

d . _
Elel,...,krfl,l(Z) = Z k1 kr—1

0<my<w<m, M1 "7 My
00

- ¥ (X

Zmr—l) - -
1 r—1
O<mi<-<mp_1 -myp=myp_1+1 my m

Zmr—l

1
=t— 2 TE Eo

0<m|<-—<mp_| my--m,_4

which is equal to the second equality and completes the proof. U

Hereafter, in this chapter, we abbreviate the iterated integral with differential forms w; () as

[0 01(1) 0 (1) 0+ 0 (1) = /0 or (1) /0 "o (fer) - /0 Coi(t).

By the expression above, the multi-polylogarithm is written as follows.

Proposition 2.3.4. We have

) Zodt dt dt dt dt dt dt dt dt
Lix, ks,.. k, (2) = 0O—0:++0—0 O—0:+++0—0-++0 0O—o0--+0 —,
e o 1—1 4 t 1-—t¢ t 4 1—1¢ 4 t
S——— S——— S———
ki—1 ka—1 kr—1
(2.3.3)
Proof. By applying Lemma 2.3.3 to (2.3.2) repeatedly, we obtain the assertion. U
Specializing z = 1 in (2.3.3), we have
1
tkikan . k) = / i dit A, dr dt At dr jdn A
o 1—1t ¢t t 1—t t t 1—¢t ¢ 4
P —— L —— N——— —
ki1—1 ko—1 kr—1
which gives the proof of Theorem 2.3.1.
The iterated integral / (e, ..., €x) has the following symmetry.
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Proposition 2.3.5. For an positive integer k and €1, . . ., €, € {0,1} (€; = 0,¢x = 1), we have

1(61,..

er) =11 —¢€x,...,1 —¢€).

Proof. By exchanging the variables as (#1,...1) — (1 —sg,...,1 —s1) in (2.3.1), we have

O<h < <<l & 0<s; <= <5 <1,

and the absolute value of Jacobian |J| is given by

dt dt
e oL 0 —1
|J| = |det]| : : = |det = 1.
dt, dt,
e o —1 0

Furthermore, by A, (1 —sj) = A1, (s;) we have

I(eq1,...,€x) = / Ai—e, (Sk)dsk -+ A1—¢, (s1)ds1 = T(1 — €, ..., 1 —€1),

0<sy<-<sp<l
which completes the proof.
To apply this symmetry to MZVs, we define the dual index.

Definition 2.3.6 (Dual index). For an admissible index

k=(,....,1,by+1,1,...,1,bo+1,...,1,....1,bs + 1).
—— N’ N’
ar—1 az—1 ag—1
withay,...,as,by,...,bs > 1, we define the dual index of k by
K'=@,....1,ag+1,1,....L,as_1+1,....1,....,1,a; +1).
—— —— ——
bs—1 be—1—1 b1—1

Example 2.3.7. (1,2)" = (3).
From the definition above, the following Theorem holds.

Theorem 2.3.8 (Duality). For an admissible index k, we have
¢(k) = ¢(kh).

10



Proof. By Lemma 2.3.5, we have

) =¢(l,.. . b+ 1,1, Lba 1, 1, 1,by+ 1)
N—— N—— N——

a;—1 ar—1 as—1
—/(1,....1,0,....0,....1,....1,0,....0)
—— N—— —— N——
ai by ag by
—/(1,....1,0,....0,....1,....1,0,....0)
—— N—— —— N——
by as by ai
=¢(,...,,as+1,1,..., a1+ 1,...,1,...,1,a;, + 1)
N—— —— ——
by—1 by—1—1 bi1—1
= ¢(k").

O

Theorem 2.3.9 (Shuffle product). Set w;(¢) = w;(t) = dt/(1 —t) and let each w,(t), ..., wk(t),
w5(1), ..., w;,(t) be either dt /t or dt /(1 —t). For|z| < 1, we have

(/0 w1 (1) o-..oa)k(t)) (/O w1 (1) o---ow,;,(t))

= Z (/0 n(t)o---o nk+k,(z)), (2.3.4)

(71 @ et ©)

where (771 ,..., r]k+k/(t)) runs over all permutations of(a)1 ),..., 0 (t)) and (a)i ),..., w,’c,(l))
with its order kept (shuffles of (w1 (), . .., ok (t)) and (a)i(t), o (1))):

Proof. We give a proof by induction on k + k’.
When k + k’ = 2 namely, kK = k’ = 1, then by Lemma 2.3.3, we have

d
E(Lll(z)z) = 21 —

Since Li; (0)? = Lij,;(0) = 0 holds, we have

Li](Z) = Zi Lil,l(Z).
dz

Lii(z)> = 2Liy,1(2),

which implies this case.

11



Next, let us assume (2.3.4) is true for less than k + k’. By the definition of iterated integrals
and the Leibniz rule, the differential of the left-hand side of (2.3.4) is given by

(/Ozan(z)o---owk_l(n/:w;(r)o---ow,;,(n)wk(z)

+ </0 w1(t) o+ 0 w(t) /0 wi(t)o---o a),'c,_l(t))a),’c,(z). (2.3.5)

From the assumption of induction, (2.3.5) is equal to

Z / ni()o---o 77k+k’—1(t)) Nk+k(2) = d(R.H.S of (2.3.4)). (2.3.6)
(m(t) ----- 77k+k’(t)) °

If z = 0, then both sides of (2.3.6) vanish, so that (2.3.4) holds for k 4+ k’, which gives the proof. []

Set wi () = wy,(t) = 1/t as in Theorem 2.3.9. Then both sides of (2.3.4) converge to MZVs.
Thus it is clear that the product of two MZVs is the sum of MZVs again. Namely, we gave another
proof of Proposition 2.2.3.

Example 2.3.10. We calculate the square of {(2) in two ways:

e Harmonic product

coro=(2 L) )

m1=1 1 moy=1
1
=2+ 2+ 2 )
0<mi<my O<mo<mi O<mi=m»y 1772

= 20(2.2) + {(4).

12



e Shuffle product

Vodt dt Lds ds
2)C(2) = — —
(L) (/0 1_[ot)(/o 1_s°s)
/1 dt dt ds ds /1 dt ds dt ds
= o— + o 0O— o0 —
o 11—t ¢t 1—s5 & 0

1—¢t 1—s5 ¢ )
/1 dt ds ds dt /1 ds dt ds dt
0 0

O — 0 — O O —O0 —

l—tol—s Ky t 1—s 1—t s t

/1 ds ds dt dt /1 ds dt dt ds

+ o—o0o —
0 0

O —20O o
1—s s 1—t ¢ 1—s 1—t ¢ S

=20(2.2) + 4£(1,3).

Thus we get
28(2,2) +¢(4) =2¢(2,2) +4£(1,3) (2.3.7)
and hence

¢(4) = 4(1.3).

If we expand the product of two MZVs by shuffle product, then all indices are of the same depth.
On the other hand, if we use the harmonic product to expand them, then indices of different depths
appear. Therefore, we get non-trivial relations among MZVs by calculating these two products.
These relations are said to be finite double shuffle relations. We formulate these relations in an
algebraic way in the next section.

2.4 Hoffman’s algebras

In this section, we consider Hoffman’s algebra introduced in [12] and state finite double shuffle
relations.

Definition 2.4.1. Let § := Q(x, y) be a non-commutative polynomial algebra in two variables and
set

O =Q+yH 9 :=Q+ yhHr
Note that $' and $3° are subalgebras of ) with $° C H! C §. Moreover, if we set z; := yx*~!
for a positive integer k, then we regard ' as a non-commutative polynomial algebra generated by
all zg:
9 =Q(z1.22...).
From this fact, any non-constant monomial w in $° is uniquely expressed as w = zg, - -z,
(k1,...kr—1 > 1,k, > 1). In the following, we call a non-constant monomial a word.

13



Definition 2.4.2. For a word w = zg, ---zg, € $H°, we define an evaluation map Z : H >R by

ZGkierzi) = Chrs o k), Z(1) = 1.
Example 2.4.3. Z(yx) = £(2), Z(yx%yx) = £(3,2).

We remark that the weight (resp. the depth) of an index correspond to the degree of x (resp. y)
in a word. Thus we define the weight and the depth for a word in this way.

Next, we define two multiplications which naturally arise from series expressions and integral
expressions.

Definition 2.4.4. The harmonic product * on $! is defined by the Q-bilinearity and the following
rules:

l. wx1=1x%w = w for any word w € $H!,
2. (Wizp * Wazg) = (W1 * WaZg)Zp + (W1Zp * W2)zZg + (W1 * W2)Zpig
for any wy, w, € $H! and positive integers p, q.

In [12], Hoffman proved the harmonic product is commutative and associative. Hence $! is a
Q-algebra equipped with this product and §° is its subalgebra. We denote these algebras by $! and
$?. Hoffman showed a map Z : $2 — R is homomorphic:

Z(wy *xwy) = Z(wi)Z(ws)  (wy,w; € HY). (2.4.1)
Remark. For example, the harmonic product of z,z, and z, is given by

Zp* z2qZr = (1 % 242, )zp + (2p * 2g)Zr + (1 % 2g) Zpyr
=2¢2vZp + (I x zg)zp + (2p *x Dzg + (1 % 1)zpig)zr + ZgZp4r

= ZgZrZp +t ZgZpZr + ZpZgZy + ZptqZr + ZgZptr,

which corresponds to

¢(p)s(q.r)y =1¢8(q.r.p) +8(q. p.r) +E(p.q.r) +&(p+q.7) +L(q. p+ 7).

Thus we often write (2.4.1) in terms of MZVs; for two indices k and 1, we have
Sk 1) = Z(K)ED).
In particular, as seen in the proof of Proposition 2.2.3, for a positive integer M, we have

Eu (k1) = Sy (K)Car (D). (2.4.2)
We also define the shuffle product.

14



Definition 2.4.5. The shuffle product 1 on §) is defined by Q-bilinearity and the following rules:
I. wm 1l =1mw = w for any word w € ),

2. (wiug o walp) = (Wy o Wal2)uy + (WU I Wr)Us

for any wy, w, € $ and uy,u, € {x, y}.

In [24], Reutenauer proved the shuffle product is commutative and associative. This product
gives §) the structure of a Q-algebra, which we denote by §),,. Obviously, the subspaces $! and £°
become subalgebras of §3, denoted by 531111 and Sﬁ?u, respectively. It is known thatamap Z : H° — R
is homomorphic under the shuffle product mr:

Z(wy mwy) = Z(wy) Z(wz)  (wy, wy € H°). (2.4.3)
Remark. For example, the shuffle product of z, = yx and z,z, = yxy is given by

Zym 21z, = (ym yyx)x + (yx m yy)x
= 3yyyxx + yyxyx + ((y m yy)x + (yx o y)y)x
= 6yyyxx + 3yyxyx + yxyyx

= 6212123 + 3212222 + 222122,
which corresponds to
¢(2)¢(1,2) =6¢(1,1,3) +3¢(1,2,2) + ¢(2, 1, 2).
Thus we often write (2.4.3) in terms of MZVs; for two indices k and 1, we have

¢(kurl) = Z(K)¢(D).

(2.4.1) and (2.4.3) lead to the finite double shuffle relations (FDS relations for short).

Theorem 2.4.6 (FDS). For any elements wy, w, € H°, we have
Z(wy * Wy — wyp m wy) = 0.

Many relations among MZVs are obtained by the FDS relations. However, these relations are
not enough for dimq Zj to satisfy the inequality in Theorem 2.2.2. For example, there exists 4
MZVs in weight 4, while the FDS relations of weight 4 are obviously only (2.3.7). So we need
much more larger relations, which is the “regularization” procedure discussed in the next section.

15



2.5 Regularization of MZVs and extended double shuffle rela-
tions

In Theorem 2.4.6, we got non-trivial relations among MZVs by calculating the harmonic product
and the shuffle product in $5°. We want to extend these multiplications to $'. For this purpose, we
introduce regularizations of MZVs.

Proposition 2.5.1. We have two algebra homomorphisms
Z*: 9 - RT), Z™:9. - R[T]

that are uniquely characterized by the properties that they extend the evaluation map Z : §) — R
and send y to T

Proof. In [12], by Hoffman’s Theorem it is known that 1 ~ $%[y]. Namely, any w € $! is
uniquely expressed as

W=wo+y*rw; +yZFrw,+--+y"xw, (wo,wy,..., w, €HY),
“n _ NN . . . : .
ce kY. ; ; , :
where y*” = y % --- x y. Z*(w) is obtained by replacing w; with Z(w;) and y with T, respectively
—_———

As in the case of the shuffle product, $! ~ $°[y] is proved by Reutenauer in [24]. So for any
w € H! is uniquely written as

wW=wo+ymw, +y " mwy+---+y""mw, (Wo,Wq,..., W, €HY),
where y™ = ymr --- m y. Z"™(w) is given by replacing w; with Z(w;) and y with T'. O
~—————

n

For an element w € $! expressed as above, we need its constant term to state a generalization
of FDS later.

Definition 2.5.2. Let @ € {x,m}. For w € $! with
w=wo+yew +ylew, + --+y"ew, (wo,wi,..., w, €N,
we define reg, (w) := wy.

For an index k = (ky,...,k,) (not necessarily admissible), the images of the corresponding
word yxk1=1... yxk*=1under the maps Z* and Z™ are denoted by Z:(T)and Z;'(T), respectively.
If k is admissible, it is clear that Z;(T) = Z;(T) = {(k).

16



Example 2.5.3.

k Z(T) Z(T)
(1) T T
T? (2 T2
(D P B
2.1) §(23)T 2(6(3)%2,2) Z(Z)T—32§(1,2)
T 2) 3) T
(. 1.1) 6 2tz 6
(3.1 BT —8(4)—¢@3,1) §(3)T —28(1,3) = £(2,2)
(1,2,1) | ¢@2. DT —¢(1,3) —(2,2) —2¢(1,1,2) ¢(1,2)T —3¢(1,1,2)
@TZ—(EGHE(IJ))T )
2,1,1) ¥T2—2§(1,2)T+3§(1,1,2)
+¥+§(1,3)+;(1,1,2)
AR { ) {4 | 2.2 Tt
(1,1,1,1) - ATt %
T_S_@T3+®T2
120 12 6
T5
(LL11LT) _(Z;4)_§(24;2))T+§3(g) 50
_§3B.2)  £@2.3)
6 6

A fundamental theorem of regularizations of MZVs says that two polynomials Z;(7") and
Z,(T) are related to each other by a simple R-linear map p described in terms of the Taylor series

of the Gamma function I'(z).
Definition 2.5.4. We define an R-linear map p : R[T] — R[T] as
p(e™) = A(u)e™™, (2.5.1)

where

n

A(u) = exp(Z (_l)nQ(n)u”) (= ra+wue’™),
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with Euler’s constant defined as

n—o0

1 1
y := lim (1+§+---+——10gn). (2.5.2)
n
Note that p on the left-hand side of (2.5.1) operates coeflicientwise in u. Moreover, p is an invertible
R-linear map, and the inverse map of p is given by

p—l(eTu) — A(M)_leTu.
Example 2.5.5. Since

2
A(u):1+(§(22)u2_§g3)u3+§i4)u4__“)+%(@u2_?u3+$‘?)u4_“)

D SO (50 Y

N 3 4 8
we have
u? u3 u*
pe"™) = p(1) + p(Thu + p(T*) = + p(T) = + p(TH g + -+,
2 3 4
X (1 +Tu+T2%+T3%+T4%+---)
=14+Tu+(T*+ ;(2))”?2 + (T +3¢(2)T — 2{(3))%
4
+ (T4 + 6L)T? = 8LB)T + 65(4) + 3757+
and hence
p(l) =1,
p(T) =T,

p(T?) =T*+¢(2),
p(T?) =T +35()T —2£(3),
o(TH =T* 4+ 62(2)T? —8L(3)T + 6L(4) + 32(2)2.

Between two regularized maps in Proposition 2.5.1, the following relation holds.
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Theorem 2.5.6 (Zagier (cf. [13])). On !, we have
Z"=poZ*.
Theorem 2.5.6 leads to a “generalization” of FDS relations.

Theorem 2.5.7 (Extended double shuffle relations (EDS relations), Thara—Kaneko—Zagier [13]).
For wy € H' and wo € H°, we have

Z"(wy mwy —wy x wo) =0, Z*(w; m wy — w; * wp) = 0.
In particular,
Z(reg, (wy m wo — w; * wp)) =0, Z(reg,(w; m wo — wy * wy)) =0
holds.

The authors of [13] conjectured the following.

Conjecture 2.5.8 (Ihara—Kaneko—Zagier [13]). The EDS relations exhaust all relations among
MZVs.

2.6 Linear relations of MZVs

From Theorem 2.2.2, we see that there are many identities among MZVs. In this section, we state
well-known values and Q-linear relations about MZVs.
The special value of the Riemann zeta function

2
Q) = % 2.6.1)

is famous. We give generalizations of {(2) from the viewpoint of MZVs.

Proposition 2.6.1. Forn € Z>;, we have

7.L_2n

= o (2.6.2)

£2,...,2)
——
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Proof. By expanding the infinite product of sin 7 x /7 x, we have

1 1
=1- — |x% + ( )x4
(Ziw) (X,
| (2.6.3)
6
- > ﬁ)x T
(0<m1<m2<m3 m1m2m3
o0
=14+ ) (=D"¢2,...,2)x*".
,;( )¢ ( ,, )
On the other hand, by the Taylor expansion, we have
. o0 2n
sinzx _ Z(—l)"n—xzn- (2.6.4)
TX —~ 2n + 1)!
Comparing the coefficient of x2" of (2.6.3) and (2.6.4), we have the assertion. [

Remark. It is clear that if n = 1, then (2.6.2) reduces to (2.6.1).

It is also known that (3) is an irrational number. We do not even know the transcendence of
£(3). However, we have an expression of ¢(3) in terms of MZVs.

Proposition 2.6.2.
¢(1.2) = 2(3). (2.6.5)

Proof. By the sum

(1L +¢B3) = ) #=Z(Z n%)ﬂ%

O0<m<n n=1 “‘m=1
and the telescoping sum
n o0
1 Z(l 1 )
m m m+n
m=1 m=1

we have




Since

L A S S NS AN
m m4n)n2 mnm+n) \m n)(@m+n)?
we obtain

CEOESY Z(m(mln)z + n(mln)z) =2¢(1,2),

m=1n=1

which leads to the equality. U

Note that (2.6.5) is a special case of the sum formula which is of a class of linear relations
among MZVs.
Next, we state several relations about MZVs without proof. Let
I(k,r,s) :={k:index | wt(k) = k,dep(k) = r, ht(k) = s},
Io(k,r,s) := {k : admissible | wt(k) = k, dep(k) = r, ht(k) = s}.
Furthermore, let Io(k,r, *) = (J, lo(k,r,s) and Io(k,*,5) = |, lo(k,r,s). Then we have
I(k,r,s) #Qifandonlyif s =0Ak =r)or(r>s> 1Ak >r+ys).

Theorem 2.6.3 (Sum formula, Granville [8], Zagier [28], Hoffman [10]). For k,r € Z-o with
k > r, we have

> k) =k, (2.6.6)
kelg(k,r,*)
k —
> z*<k>=(r_i)z(k>. 67)
kely(k,r,*)

The first equation is conjectured by Moen and Hoffman, and proved by Granville and Zagier,
independently.

The sum in (2.6.6) runs over all the indices of a fixed weight and depth, and so does that in
(2.6.7). Similarly, by taking the sum over all the indices of a fixed weight and height, we have the
following relations.

Theorem 2.6.4 (Le—-Murakami’s relation, Le-Murakami [18]). Fork,s € Z-¢ withk > s, we have

)k ok 41

—1 dep(k) k :(— 2 _2"\B . 2k
> = g (T, e 2B,
kelp(2k,x*,s) r=0

where B, is the n-th Seki—Bernoulli number defined by

B,— = )
"n! el —1

te!

n=0
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We remark that the sum with 2k replaced by 2k + 1 satisfies
. CEPI =0
kelp(2k+1,x%,s)
holds for k > s > 1 by Theorem 2.3.8.

Theorem 2.6.5 (Aoki—Ohno’s relation, Aoki—Ohno[1]). For k,s € Z-¢ with k > 2s, we have

k —
> = 2<2S _11)(1 = 2'7¢ (k). (2.6.8)

kely(k,*,s)

In [2], for integers k, r, s withk > r 4+ s and r > s > 1, Aoki, Kombu and Ohno introduced the
generating function @ (x, y, z) of the sum of all MZVs whose weight, depth and height are given
by k, r and s, respectively:

¢5(X,y,2) — Z ( Z é— (k)) k—r—s r sZZS 2

k,r,s>0 “kely(k,r,s)

Furthermore, by using the generalized hypergeometric function defined as (see [4])

Ay A (ADa (A,
”Fq(Bl,. ) Zn'(Bl)n B 26

for p,q € 7>y with the Pochhammer symbol (x), given by

F'(x+n)
rxy

1 (n=0),

(x)n =
x(x+Dx+2)---(x+n—-1) (n>0),

the authors of [2] proved the following Theorem.

Theorem 2.6.6 (Aoki—-Kombu—Ohno [2]). For integers k, r, s, we have

BF(x.y.2) = ! X 2( I=x11 1) (2.6.10)
(1-a)(1-5) 2—a,2-B"

where o and B are indeterminates with

a+B=x4+y, af =xy—z%
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It is interesting that by specializing xy = z? in (2.6.10), we obtain the sum formula (2.6.7)
and specializing x = y in (2.6.10), we get Aoki—Ohno’s relation (2.6.8). In [19], Li proved the
following result with this generating function ®;(x, y, z).

Theorem 2.6.7 (Li, [19]). We have

x®(=x,y,2) = yP;(—y,x,2) = Z(x, y), (2.6.11)
where
— F'a)r A —a)'(b)I'(1 —b)I" r b
2 = E52 4y QLU= T ONA= DI+ 0T+
with
A(x,y) = 1 (F(y)F(l -y r®ra —x))
)= F'x+a)lA—x+a)\ @)l (1—-a) T'B)C(->b)
(COS?T(X +y) —cosm/(x + ¥)* + 422) sinm(x — y)
N 2 sinwx sinwy ’
and

a+b=—-x+y, ab=—-xy—z° (2.6.12)

Moreover, by using the well-known identity for the Gamma function

g(m)xm) (x| < 1), (2.6.13)
m

o0
I'il+x) = exp(yx + Z
m=2
Li showed that Theorem 2.6.7 implies the following corollary which was conjectured by Kaneko—
Ohno in [15].

Corollary 2.6.8 (Li [19], Kaneko—Ohno [15]). For any positive integers m,n,s withm,n > s, we
have

(- > ¢* (k) — (—1)" > ¢* (k) € Q[E(2).2(3).£(5).£(D)... .

kelp(m+n+1,n+1,s) kelp(m+n+1,m+1,s)
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Chapter 3

Finite multiple zeta values and Symmetric
multiple zeta values

In this chapter, we state two finite analogues of MZVs. First, we define the finite multiple zeta(-star)
values (FMZ(S)Vs for short) as elements of a Q-algebra A. Secondly, we define the symmetric
multiple zeta(-star) values (SMZ(S)Vs for short) which are elements of Z/{(2) Z as real counterparts
of FMZ(S)Vs. Lastly, we state the Kaneko—Zagier conjecture that has a certain correspondence
between FMZVs and SMZVs and introduce several relations for FMZVs and SMZVs.

3.1 Notation for FMZVs

In [17], Kaneko and Zagier introduced the ring
A= ( I1 Z/pZ) /( &y Z/pZ) = {(ap)p | ap € Z/pZ}/ ~, (3.1.1)
D prime D prime

where p runs over all prime numbers and the relation (a,), ~ (b,), means that the equality a, = b,
holds in Z/ pZ for all but finitely many primes p. Componentwise addition and multiplication equip
A with the structure of a ring. Moreover, for r € Q, by putting r, as

r mod p if gcd(denominator of r, p) =1,
ry 1=
P 0 if gcd(denominator of r, p) # 1,

an injective map Q > r — (r,), € A gives a Q-algebra structure.
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For an index k = (ky, ..., k,) and a positive integer M, we set

) = Gk, k)= Y 5

kr®
0<my<-<my<m M1 " My

Definition 3.1.1 (FMZV and FMZSV). For an index k = (k;...,k;), FMZV and FMZSV are
defined by

Sa(k) = Calkr... . ky) == (Cp—l(kl .., ky) mod P)P €A,
k) =k k) = ((;_1(161 ..., k,) mod p)p e A.

Similarly as in the case of ordinary real MZVs, we obtain the following proposition with the
same proof as for Proposition 2.1.2.

Proposition 3.1.2. For an index k, we have,

Cik) = Lak).

k’<k

Remark. Although some components of an index k can be non-positive integers because ¢, (k)
is a finite sum, we restrict ourselves to positive integer components. In fact, by using Seki—
Bernoulli formula for sum of powers, we easily find that if an index k includes non-positive integer
components, then ¢ 4(K) is expressed as a linear combination of certain FMZVs whose indices have
positive integer components: for example, we have

;A(_1’3a2) = ( Z W mod p)

0<{<m<n<p

m—1
1
:( Z (ZZ) 3 2modp)
O<m<n<p “{=1 m=n V4

2

1 m-—m
=5( X T o)

p

O<m<n<p p
(X amar) —( X e med
= — mo — = —— Mo
2 mn? P 2 m?2n? P
0<m<n<p p 0<m<n<p p

1 1
= =C4(1,2) — =C4(2,2).
58a(1.2) = 584(2.2)
Next, we define the Q-vector spaces which are spanned by FMZVs.
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Definition 3.1.3. For a non-negative integer k, the Q-vector spaces {Z 4 x } are defined by

Za0:=0Q,
Zak= Y, Qluk (k=1
k:admissible
wi(k)=k
and Z 4 is defined by
o0
Z A = Z Z Ak -
k=0

Zagier conjectured the following identity concerning the dimension of Z 4 k, for all non-negative
integers k:
dimg Zak = di—3,

where the sequence dy is given by
d_2 =0, d_l =0, d() =1, dk = dk—2 + dk_?, (k > 1)

Recently, Yasuda announced that dimg Z 4 x < di—3 holds for all k € Z- by using Akagi—Hirose—
Yasuda’s results and Jarrosay’s results. So, we find that there exist many Q-linear relations among
FMZVs and it is also important to study relations among FMZVs as in the cases of ordinary MZVs.

For two indices k, 1, we understand ¢ 4(k * 1) as the expansion of { (k 1) with formally replacing
“C” with “C 4”. Then we have the following theorem.

Theorem 3.1.4 (Kanko—Zagier [17]). For any two indices k, 1, we have

Calkx1) = a(K)Ea(l). (3.1.2)

Theorem 3.1.4 follows from the fact that the finite truncated sum ¢, (k) satisfies the harmonic
rule (2.4.2). Thus (3.1.2) equip Z 4 with a structure of Q-algebra. As for the shuffle product, we do
not have any formula involving products. However, by understanding ¢ 4(k 1 1) as the expansion
of ¢(k m 1) with formally replacing “” with “¢ 4 for two indices k and 1, we have the following
relation.

Theorem 3.1.5 (Kaneko—Zagier [17]). For indices k and 1, we have

Cakml) = (—1)™O7,(k, 1), (3.1.3)

wherel = (I, ..., 1) forl = (L1, ..., L).
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Note that any relations in Z 4 for FMZVs are to be deduced from (3.1.2) and (3.1.3), which is
conjectured by Kaneko—Zagier in [17].

To close this section, we state a short comment about the difference between MZVs and FMZVs.
By definition of FMZVs, we have

4 = (3 mod p)

O<m<p p (3 14)
=(1,2,0,0,0,...) o

= (0)p~

However, as observed in (2.6.5), {(2) = 72/6. So {(k) € R is not regarded as a good counterpart
of {4(k) € A (see Figure 3.1). In the next section, we introduce a “good” counterpart for FMZVs.

R: (k) )
Tm l What is the counterpart?
A £a(k)

Figure 3.1: MZVs and FMZVs

3.2 Notation for SMZVs and Kaneko—-Zagier conjecture

In this section, we define SMZVs, which are counterparts of FMZVs in R. According to [17], for
an index k = (kq,...,k,) we set

L50k) = Chlkr, .. kp) =) (=D TR ey, ks T Ky ki T), (32,1

i=0
CEM) = C2kr.. . k) = S (DR TR Gk T ke T)(3.2.2)
i=0

and for indices k and K/, put

£57 () = ) L5(K),

k=<K’

$) = ) LR,

k=<K’
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where *(k; T') and ¢™(k; T') are the harmonic regularized polynomial and the shuffle regularized
polynomial introduced in section 2.5, respectively:

*(k;T) = Z:(T) € R[TY,
"k T)=2(T) € R[T].

Although (3.2.1) and (3.2.2) seem to be polynomials in 7', {$(k; 7) and {g'(k; T') are indeed real
numbers independent of 7" despite their appearance.

Proposition 3.2.1 (Kaneko—Zagier [17]). For any index Kk, we have

£5(k), {5 (k) € R.
In particular, we have
Chk) = > (=DFr R e ey Lk 0)* (K K2 0),
i=0

Ek) = Y (—DFrttReeme k008 Ky ki 0).

i=0

As mentioned in the first chapter, two types regularized polynomials ¢*(k; 7') and ¢™(k; T') satisfy
Mk T) = p(é‘*(k; T)) by the Q-linear map p. As for the difference of {5(k) and (g (k; T'), the
following result holds.

Theorem 3.2.2 (Kaneko—Zagier (cf. [17])). For any index k, we have
tsk) —E5(k) € L(2)2.
By Theorem 3.2.2 and the relation “<” for indices, we define SMZVs and SMZSVs as follows.
Definition 3.2.3 (SMZV and SMZSV). For indices k and k/, SMZV and SMZSV are defined as

Ls(K) == £5(k) mod ¢(2) Z,
L5(k) := ) Ls(K),

k=<K’

where e € {x, m}.
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By the conditions above, we have

£s(2) = (=1)*¢(2) +£(2)
= 20(2)
=0 (mod{((2)Z2).

Since we observed that { 4(2) = (0), holds in (3.1.4), it seems that {s(k) is a good counterpart in
R for ¢ 4(K).

Sum of products

R: 4K s (k)
Truncation l Good counterpart!
A £alk)

Figure 3.2: FMZVs and SMZVs

This is not a coincidence. Kaneko and Zagier suggested the following surprising correspondence,
which is said to be the Kaneko—Zagier conjecture.

Conjecture 3.2.4 (Kaneko—Zagier (cf. [17])). There exists an isomorphism as a Q-algebra such
that

brz: Za—> Z/8(2)Z: Lak) = Ls(k).

The Kaneko—Zagier conjecture means that any relations among ¢ 4(k) should hold in exactly
the same form in Z/{(2)Z as {s(Kk) and vice versa. This conjecture is far from being solved at the
present time. However, many relations for ¢ 4(k) and {s(k) are shown to take the same form, which
provide partial evidence for this conjecture.

In the next section, we state several values and relations which hold for FMZVs and SMZVs.

3.3 Linear relations of FMZVs and SMZVs

Here and hereafter, to describe properties of FMZVs and SMZVs, we put F € {4, S} and for a
positive integer k, set

(M mod p) (F=A),
J3r(k) = k p

f(k)ymod £(2)2  (F =9),
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where By is the Seki—Bernoulli number. We remark that for finitely many prime numbers p with
p —k < 0, the Seki-Bernoulli numbers B,_x are not defined. However, we only consider the large
enough prime numbers p because finite number of components in A are ignored (see (3.1.1)).

As in the cases {4(2) = (0), and {s(2) = 0, it is known that all values {r(k) of single index
vanish.

Theorem 3.3.1 (Hoffman [11]). For k € Z~, we have

Cr(k) = {x(k) = 0.
Proof. Ttis clear that {r(k) = {3 (k) by definition.

iy F=A
Since {,(k) = 0 (mod p) holds when p — 1 t k by Fermat’s little theorem, the assertion
follows.

iy F=&.
By definition of SMZVss,

g5(k) = (=1 ¢ (k) + ¢ (k)
10 (k : odd),
~|2tk)  (k : even),
then we have (5(k) = 0 (mod {(2)Z2).
This completes the proof. L

Similarly, the cases of dep(k) = 2 and dep(k) = 3 are given as follows.

Theorem 3.3.2 (Hoffman [11]). For ky,k, € Z~(, we have

ki + ks

Crlkr ko) = Crlky ka) = (—1)“( k
1

)Sf(kl + k»).

Theorem 3.3.3 (Hoffman [11]). For an index (k1, k>, k3) of odd weight, we have

— $rlki ko, k3) = C(k1, ko, k3)

_ %((—ml ("1 + : + "3) — =1y ("1 + ];: + "3))3f<k1 + ks + k).
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In this section, we state several relations for FMZVs and SMZVs. As seen in (3.1.2), FMZVs
satisfy the harmonic relation because each p component {,_; (k) satisfies the harmonic rule. Ac-
cording to the Kaneko—Zagier conjecture, SMZVs should also satisfy the same rule. Although this
fact is checked directly by the definition of SMZVs. In this thesis, we introduce Kontsevich’s sug-
gestion. He proposed that “} _,_, _,.. _,” realizes the definition of {3 (k) as thesum » o . __
is indeed the definition of 4(ky, k). This is mathematically formulated as follows; by setting the
order

<2<+ <(00=—-00) <+ <=2 <—1, (3.3.1)

we have > 1/ m]f‘m’z€2 = {5(k1,k2) (see Proposition 3.3.4 below). This order defined for
non-zero integers is called Kontsevich’s order. We remark that the symbol “<” for Z\ {0} should not
be confused with the same one for indices. See Figure 3.3 and Figure 3.3. Comparing the modulo
p order and Kontsevich’s order, we see that these two worlds are “similar”.

Y0 ~

Figure 3.3: mod p Figure 3.4: Kontsevich’s order

By this new order, the series expression of SMZVs are given as follows.

Proposition 3.3.4 (Yasuda [26], Zagier). For an index Kk and a positive integer M, we set

1
Csm(K) = _, (3.3.2)
b
o<|mil,...,mp|<M
Csa (&) == &% (k).
Kk’ <k
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Then we have

ts(k) = A}l_r)noo Ss.m(K) = A}l_r)noo Z m, (3.3.3)
my<-~<my 1 r
0<|m1| aaaa |mr|<M
*, % . *, % . 1
s (k) = A}I_TPOO S (K) = A}I_TPOO Z I Ta— (3.3.4)
m1=-=<my 1 r
0<|mil,...,mr|<M

Proof. First, by definition (3.3.2), we obtain

* - 1 1
Cs,M(k)=Z( > kl—mk)< 2 kﬂ—mk)

i=0 mi<--<m;j ml mi g <--<my i+1 "
o<muy,..., m; <M —M<mj4qq,..., m;<0

=Y (DRt ko k).
i=0
It is known [13] that
tu(K) = *(k;y +log M) + O(M ' log” M), (3.3.5)

for some J as M — oo, where y is Euler’s constant defined in (2.5.2). By (3.3.5), we have

r

Lo (k) = ) _(=D)kisrtth (c*(kl, .o kisy +log M) + O(M ™ log” M))

i=0

X (f*(kr, .. kiz1y +log M) + O(M " log’ M))

= Z(—l)kl‘“"'"""k’{*(kl, oo kivy +logM)F (kyy .. kg1 y +log M)
i=0
+ OMlog’ ™" M) + O(M210g> M) (M — o).

As mentioned, {5 (k) is independent of y + log M. Thus we have
tsm(K) = LK) + O(M M og? ™" M) + O(M~210g®) M) (M — o). (3.3.6)

Taking the limit M — oo in (3.3.6), we obtain (3.3.3).
The sum of (3.3.6) over all K’ < k, implies

Ciy ) =857 + oM™ log?7t" M) + O(M21og?’ M) (M — c0),
and hence (3.3.4). ]
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From the definition of g ,,(k), the harmonic rule for {g M(k) is shown by the same proof
for {py (k x 1) = Car(K)Car (1) by replacing the inequality my < --- < m, with the new inequality
my < -+ <m,. Thus

Com(Kx1) = L5 2 (K)ES 5 (1) (3.3.7)

holds. So, by taking the limit of (3.3.7) as M — oo, we find that SMZVs satisfy the harmonic
relation.

Corollary 3.3.5. For any indices k and 1, we have
Cskx1) = L5(k)Es ).

By understanding {s(k mx 1) as the expansion of ¢ (k mr 1) with formally replacing “¢” with “{s”,
we have the following relation.

Theorem 3.3.6. For two indices k and 1, we have
s(kml) = (—1)" Vs (k. ), (3.3.8)
where 1 = (Us,.... L) for1 = (I4,...,1L5).

We refer the reader to [9] for a proof of Proposition 3.3.6. We remark that (3.3.8) holds without
modulo ¢(2) Z and taking the limit M — oo:

{2y kml) = -0y (k1)

where

: 1
g‘LSH,M(k) = Z Z T-mk”

i=0 O<mj<-<m; m
mipq<--<mp<0
m;—m; 1 <M

for an index k = (kq, ..., k,), which is introduced in [21]. The authors of [21] showed
() = lim £, (K).
—00
Note that specializing ] = @ in (3.1.3) and (3.3.8), we have a relation for FMZV's and SMZVs which
is called the reverse formula.
Corollary 3.3.7. For an index Kk, we have
Cr(k) = (=)0 Er(K), (3.3.9)
£ = (~)" W2 (K). (33.10)
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(3.3.10) is obtained by (3.3.9) and the definition of {7 (k) as follows:
k) =Y k) =) (—D)"OrE) = (DY Y ixK) = (DM PE(K).

kK’ <k k'<k K <k

Theorem 3.3.8 (Symmetric sum formula, A: Hoffman [11], §: Murahara [20]). Let (kq,...,k;)
be any index, and let S, be the symmetric group of degree r. Then we have

Z Crlkoys -+ ko) =0,

0EGS,

> Gkoqy. - - ko) = 0. (3.3.11)

0ES,

The following three relations for FMZVs and SMZVs are F-analogues of those introduced in
Section 2.6.

Theorem 3.3.9. Fork,r € Z-¢ with k > r, we have

> 1w = ((': - i) 035000

kelg(k,r,*)

k —
> G = ((r _ i) + (—1>k)3f(k).

kely(k,r,*)

The sum formula for F was conjectured by Kaneko in [14] and proved by Saito—Wakabayasi for
A and Murahara for S in an extended form as follows.

Theorem 3.3.10 (A: Satio-Wakabayashi, [22], S: Murahara, [20]). For i,k,r € Z-o withi >
r >k —1, we have

. k — k —
Y k) = (—1)’—1((n _ 11) + (—1)’<i ) f))sfac),

kely(k,r,*)

ki>2
Y Gk = (—1)1'—1((];:;) + (—1)’<]§:11))3f(k)~

kely(k,r,*)
ki>2

We remark that the case i = 1 in Theorem 3.3.10 reduces to Theorem 3.3.9.
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Theorem 3.3.11 (Aoki—Ohno’s relation, A: Kaneko—Oyama-Saito [16]). For a positive integers k
and s with k > 2s, we have

3 (D)0 K) = 2(" ! )(1 —21%)3,(k),

ke lo(k,%,s) 2s =1
* k—1 1-k
> Gw=2,  J(0-2"7937k).
kelo(k,*,s)

Aoki—Ohno’s relations for .4 and S were conjectured by Kaneko [17] and was proved for A by
Kaneko—Oyama—Saito [16]. However, the S-analogue of these relations were not yet proved. In
this thesis, Aoki—Ohno’s relations for S are proved as a corollary of our main result.

Theorem 3.3.12 (Generalized height-one duality, /: Sakurada [25]). For m,n,s € Z-¢ with
m,n >s > 1, we have

(D" > (—=1)"¢r(k) = (=1)" > (=)™ (k).

kelop(m+n+1,n+1,s) kelp(m+n+1,m+1,s)
(=1)" > (k) = (=1)" > £ (K).
kelp(m+n+1,n+1,s) kelp(m+n+1,m+1,s)

Theorem 3.3.12 was conjectured by Kaneko, and was proved by Sakurada for both .4 and S in
his master thesis and [25].

In the next chapter, we give proofs for the S-version of Theorem 3.3.9, Theorem 3.3.11 and
Theorem 3.3.12 as its of our Main Theorem.
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Chapter 4

Main result

In this chapter, we show a congruence between symmetric multiple zeta-star values and multiple
zeta-star values. To prove the result, we define a truncated polylogarithm-like sums and consider
differential equations of a finite linear of these combination sums.

Secondly, we explain that Main Theorem directly leads to Aoki—Ohno’s relation, the sum formula
and the generalized height-one duality for SMZ(S)V.

4.1 Main result and its corollaries

In this section, we establish an identity for SMZSVs and MZSVs. For this purpose, we define
Pk,r,s € Q[§(3)v Z(S)a 5(7), .. ] as

1 C(2k + 21 +2m + 3)
.| k+1
xy—zz(eXp( Z =D k+1

k,l,m>0

k+1+42m+1 rkid 1 -
_ _emi)
X( k.l.2m + 1 )(xy )T xy)x = y)

— Z Pk’r’sxk—r—syr—sZZS—z c Z[[x,y,z]].

k,r,s>0

Theorem 4.1.1 (Main Theorem). We have
DY Y D= Y (K) + Prsmod () Z, (4.1.1)

kGIO(k,r,S) kEIO(k,r,S)
Yo G = Y M)+ Psmod (2. (412)
kelo(k,r,s) kEI()(k,r,S)
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From Main Theorem and sum formulas for MZSVs, we easily obtain the corresponding sum
formulas for SMZSVs. In particular, as mentioned in Theorem 3.3.11, we give a proof of Aoki—
Ohno’s relations for SMZVs for the first time.

Corollary 4.1.2 ([6], cf. Theorem 3.3.11 [1,16]). Fork, s € Z~o with k > 2s,
dep(k) * k—1 1-k
Y. VGG = )y, gy =2(, | J(1=2"7)k) mod{(2)2
kelo(k,*,s) kelo(k,*,s)
holds.
Corollary 4.1.3 (Theorem 3.3.9 [20,22]). Fork,r € Z~o withk > r,

Yo =Ds = Y ;;(k>=((’jj)+(—1>’)z<k)mod¢(2)z

kGIO(k,r,*) kEI()(k,r,*)
holds.

Corollary 4.1.4 (Theorem 3.3.12 [25]). Form, n, s € Z~qwithm, n > s > 1,

=" > £3(k) = (—=1)" > £5 (k).

kelp(m+n+1,n+1,s) kelp(m+n+1,m+1,s)
(- > (—1)"Zs(k) = (—1)" > (—D)"¢s (k).
kelop(m+n+1,n+1,s) kelp(m+n+1,m+1,s)

holds.

4.1.1 Preparation for proofs

To prove Main Theorem, we define a truncated polylog-like sum.

Definition 4.1.5. For an index k = (kq, ..., k,) and a positive integer M, we define
¢
Lrkit) = Lyky, ... ki) = > —— € Q[l.
my=ezm, MMy
o<|mi|,...,mp—1|<M
—M<m,<0

We remark that .2 (k; ) is a polynomial in ¢ of order at most M without a constant term and
the order “<” denotes Kontsevich’s order which is defined in (3.3.1). We note several properties
for this new polylogarithm.
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Lemma 4.1.6. For an index K, we have
2y (k;0) =0, 4.1.3)
Ly (k1) = 55, (k) — & (K). (4.1.4)

Proof. (4.1.3) is easily led by definition.
By definition, we have

* x 1
gM(k; D+ ZM(k) = Z &k
my<zm, MMy
o<|mi|,...,|mp|<M
= &5 (K,
which implies (4.1.4), and completes the proof. U

Now, it is clear from (4.1.4) that .Z}; (k; 1) describes the difference between {‘;L (k) and 3, (k).
Next, we derive differential equations for .27, (k; 7).

Lemma 4.1.7. For an index (kq, ..., k,), we have
1
—;fﬁ(kl,...,k,_l,k,—l;t) (k, > 1),
1 *
d . : gM(kl’---»kr—l;t)
EXM(kl,...,k,;t) =
—é-‘;:;[(kl, ...,kr_l) + l‘Mé'Xl(kl,. -wkr—l)) (k,. =1, r> 2),
1 —tM
- k,=1,r=1
T—; ( r=1)

Proof. 1If k, > 1, then we have the following equation by termwise differentiation:

d d M
* . — §
EQ%M(kl,...,kr,[)—E ﬁ
mi<-=<m, My
o<|mil,...,|mp—1|1=M
—M<m;<0
1 t—m
= =7 Z ki kr—1. kr—1
t My <=my ml .o .mrr—l mrr
0<|myl,...,mp—1|<M
—M<m;<0

1
= — Ly (ki ke = L),



which yields the first equality.

If k, = 1 with r > 2, then similarly we have

d *
EXM(ICI, .« e

Here, the first term is

’kr—la la[) = —

1 t—mr

n Z k1 kr—1

t mlﬁmimr ml ) mr_l

0<|myl,...,|mp—1|<=M
—M<m;<0
—1
_1 E ; t_mr

k1 kr—1 Z

! my=-=<my_1 my” My m=m,_,

0<|my|,....Im,2|<M
—M<m,_1<0

-1

1 )
s o

m Mt my=—M

1 Z 1 t(1 —¢=mr—1)
g k1 kr—1 _
b oom<mmeny, myem I—1
o<|myl,...,lmp2|<M
—M<m,_1<0
1 1 M-t
= _ Z k1 kr—1 Z k1 kr—1
I=1 e N my<eez<my MMy
0<|myl,...,|mp—2|<M 0<|myl,e..,|mp—2|<M
—M<m,_1<0 —M<m,_1<0
while the second term is
1 Z 1 t(1—1tM)
o ki kr—1 _
t o m b 1—1¢
0<|m1|3""|mr—2|SM
O<m;_1<M
__L( 3 I 7 3 b
B — k1 kr—1 ky kr—1 |°
11 my=e<mp_y My My my=<<mp_y My My

0<‘m1 |7"'7|mr—2|§M
O<m,_1<M

0<|m1 |5"'7|mr—2|§M
O<m,_1<M
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Hence, by (4.1.5) and (4.1.6), we have

d .
EgM(kl, ce ’kr—l, l,l)
1

= I—_I(gjlt[(klv o ke1it) — §§7\4(k1 con k1) + qu/[(kl, e ,kr—l)),

which gives the second equality.
Lastly, if K, = 1 and r = 1, then we have

d 1M

S ==Y

dt w(150) e
l_tM

1—¢t

O

Let us introduce some finite sums concerning truncated MZ(S)Vs and SMZ(S)Vs. For k,r, s €
Z, we set

Xgukorsy= Y 3K,

kelo(k,r,s)

Xg sk r,s):= Z t5n (k).

kelyg(k,r,s)

Here and hereafter, the empty sum is understood as 0. For k, r, s € Z with (k,r,s) # (0,0,0), we
set

Xykoros)y = ) (k).

kel(k,r,s)
Xipk.rs) = Z ¢ (K),
kel(k,r,s)
and
X72,(0,0,0) := 1,

X2 4,(0,0,0) := 1.
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Furthermore, for k, r, s € Z, we define

Dy ylk.rsit)y:= Y Lk,

kely(k,r,s)

Dy (k.r.sit):= > L),

kel(k,r,s)

The functions D& y(k,r,s;t) and Dy, (k,r,s;t) satisfy the following differential equations with
respectto r.

Lemma 4.1.8. We have

d 1
EDJ,M(k,r,s;t) = —;(D}(l(k— Lr,s=1;0) = Dg p(k—1,r,s=1;1) + Dg s (k — l,r,s;t)),
(4.177)

(D;l(k, r,s;t) = Dg a (k1,53 t))

1
=1 [(D&(k—1,r—1,s;z)—X§,M(k—1,r—1,s)+zMX;4(k_1,r—1,s)). (4.1.8)

d
dt

Proof. By use of the decomposition
Io(k,r,s) ={k | ke lylk,rs),k, =2} Uik |k e ly(k,r,5), k, > 2},

and Lemma 4.1.7, we obtain

d d
EDS,M(kirvS;t):E[( Z + Z )"E’ﬂ]\}(kat)]

kelo(k,r,s) kelg(k,r,s)

ky=2 ky>2
1
=—;( oo Lo+ Y %}(k;z))
kel(k—1,r,s—1) kelp(k—1,r,s)
kr=1

1
= —;(D}(,,(k —Lrs—1;t) = Dg gk — 1,15 = 15t) + Dg 3 (k — l,r,s;l)),
which implies (4.1.7).
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Next, we derive (4.1.8). For (k,r,s) # (1, 1,0), we have

d . N d S 2
E(DM(]C,I’,S;Z)—Do,M(k,V,S;t)) :E( gM(k,l‘))
kelg(k,r,s)
r=1

~ (X (Sten -0+ G m)

kel(k—1,r—1,s)

1

= I—_I(D;l(k_ 1,7'— 1,S,t)

— X5k —1r—=1.9)+MX3(k—1,r- 1,5)).

For (k,r,s) = (1,1,0), we have

d * * d *
E(DM(I’ 1,0;7) — Dg (1, LO;I)) = E(iﬂM(lﬂ))
1 —tM

1—1¢
1
=1, (D&(O,O,O;t) — X5 (0,0,0) + IMX&(O,O,())),

U
We denote by @ 3, Py, Py s aro Psar € Rllx, vy, z]] and Af (1), Ay, () € Qle][[x, y. z]]
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their generating functions:

Doy =gy (x.y.2) 1= > X§ (ko s)xkTrsyr=s2572,

k,r,s>0
& = Dy(x,y,2) = Z Xy (k,r, s)xk_’_syr_szzs,
k,r,s>0
Posm = Posm(x,y,2) 1= Z Xosmk.r, s)xkTTTSyrs g2,
k,r,s>0
Df iy = P (X, y,2) = D X&p(krs)x Ty 2%,
k,r,s>0
Agm(t) = A§ p(x,y,2:) i= Z Dg (K, r, s 1)xKTT TS yrTs g25 72
k,r,s>0
Ay () = Ay (x,y,z:t) = Z Dy, (k. r,s;t)xkT=syr=s 528,
k,r,s>0

where R[[x, y, z]] and Q[t][[x, v, z]] are equipped with the product topology. Furthermore, we

denote by &y, g 5,95 and Ag

* . . *
Gy 1= lim Py,
M—o0

* . . *
Pos = lim Dg sy,
M — o0

* . . *
e Mhm @S,M,
—>00

Aji= lim AG (D).

We state several facts obtained by applying Lemma 4.1.6 to the generating functions.

symmetric sum formula for SMZSVs (3.3.11), we see

¢§ _ 2: 2: ;;*aﬂxk—ﬁﬂyﬁﬂzh_+l
k,r,s>0 kel(k,r,s)
(k,r,5)#(0,0,0)

=1 (mod{(2)2).
By (4.1.3), we have the following equation for all k,r,s € Z:
D (k. r,5:0) =0,
and hence

Ag.(0) =0.
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Moreover, by (4.1.4), we have

Dg k.1, 5:1) = Xg g ar(k,1,5) — Xg p (K, 7, 5).
Thus

Ay = by -0
=2 X (z;*a«)—z (k)) kormsyrosgas @110
k,r,s>0kelg(k,r,s)

We rephrase Lemma 4.1.8 in terms of the generating functions Ag ,,(¢) and A}, (7).
Lemma 4.1.9. We have

dAG (1) 1 . .
i - _E(AM(I) +(xy = ZZ)AO,M(I)), (4.1.12)
d( .. . . . M
dt (AM([) _ZZAOM(I)) 1y Au (@) = y T—;%sm+ 1y - Pir- (4.1.13)

Proof. By (4.1.7), we have
dAG p (1) 1(

s—1; z)xk—r—syr—szzs—z)

dt
k,r,s>0
1
+ ;( Z DS,M(k - 1, r,S — l;l‘)xk_r_syr—szzs_z)
k,r,s>0
__( Z Dg M(k I, r,s;t)xk—’—syr—szzs_z)
k,r,s>0
l ) k—r—s r—s_2s
TS Z Dy 1, s:t)x N
vt k,r,s>0
+ _( Z D (k, r’s; l‘)xk_r_syr—szzs_z)
k,r,s>0
_f( Z DS,M(k, F,S;t)xk_’—syr—sZZs—z)'
! k,r,s>0
Hence, we have
dA*M(Z) 1 . )
(Zl—t - _;(AMU) + (xy — ZZ)AO,M(t)),
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which gives (4.1.12).
By using (4.1.8), we have

d * d * * —r—s,,r—s_2s
o (AM(I) —z2A M(z)) = E( Z (DM(k,r,s;t) — DO’M(k,r,s;t))xk y z? )

k,r,s>0
1 s r—
= :( Z D;l(k—l,r—l,s;t)xk S YIS 728
k,r,s>0
— Z X‘;,M(k —1,r— LS)xk—r—syr—sZZs

k,r,s>0

+ M Z Xy k—1,r— l,s)xk_r_sy’_szzs)

k,s>0

=1 (Z D}y (kv s:0)xk TS yr=s2s

k,r,s>0

N Z XE,M(k’ r, S;t)xk_r_syr_SZZS

k,r,s>0
+ M Z Xy (k,r,s; t)xk_’_sy’_szzs)
k,r,s>0
Lo ot
which gives (4.1.13) and completes the proof. U
Proposition 4.1.10. The generating function Ag ,,(t) satisfies the following differential equation:
M( ) dAG 4 (1) . N
-T2 (=i 0= ) D (=0 = 03— 10

(4.1.14)
Furthermore, the solution of (4.1.14) around t = 0 with the boundary condition (4.1.10) is uniquely
given by

A p (1) = @5 ppur(t) — Dypuz m (1), (4.1.15)
where
1 o,
t)=—|,F t)—11, 4.1.16
u1(f) aﬁ(z 1(x+1 ) ) ( )
M a+MB+ M1
1) = F. t)—11), 4.1.17
v () <a+M)(/3+M>(3 2(x+M+1,M+1 ) ) “4.L17
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with

e e VAC Rt ) S S W e s el VA e ) e s
B 2 ’ B 2 '
Proof. To obtain the differential equation (4.1.14), we calculate the second derivative of Ag ;, (1)

and eliminate Ay, (7). By Lemma 4.1.9, we have

d?A5 (@) 1 (

dr2  t\ yt

—i(Azl(r) Ty — )AL M(z)))

=—;<1+x>d“‘*;7(” + 1{ t( yl (AM(r)+(xy—z2)A )
B0 O %
_ (—;(1 +x) + 1:) dA‘Eﬁl([) + f(yl__t; o) + ﬁ@;M - %%.

Multiplying both sides of the equation by 7(1 — ¢), we obtain (4.1.14).
Next, we construct the power-series solution of (4.1.14) with the boundary condition (4.1.10).
The differential equation determines the coefficients recursively and yields (4.1.15) with

o0 o0
wi(t) =Y ant",  upm(t) =Y by mt"
n=0 n=0

and
0 (n=0),
a4 = n—1
" ((x-|—j)(y—|—j)—22)
j=1
n'(x + 1), (nz D),
0 0=<n=<M),
b . n—M-—1
"M T ((x—i—M-I—j)(y-I—M-I—j)—zz)
j=1
x+M+1) M+ 1),—m (> M).
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Since « and B satisty
X+ +Y) -z =@+ Y)(B+7),

we rewrite a, and b, ps as

0 (n =0),
a, =
n (a + l)n—l(IB + 1)”_1
nl(x + 1), vz
. O<n<M),
bn,M =
@+ M A Dot B+ M+ Ducas (s
()C + M+ 1)n—M(M + 1)n—M
namely
R (@)n(B)n
ur (1) = @(’; n!(x + l)nt - 1)
R ap )
_@(2Fl(x+l’t) 1),
and
(Ol + M)n(,B + M)n(l)n
Uz p (1) =

(o + M)(ﬂ + M) Zn!(x +M+1),(M + 1),

n=1

F ;
(a—I—M)(,B—I—M) > 2(x+M+1,M—|—1

o+ M, B+ M1 .l) 1)

(4.1.18)

(4.1.19)

O

Lastly, we show several lemmas. The second lemma and (4.1.2) lead to (4.1.1) and the third

lemma is needed in the proof of Main Theorem.
Lemma 4.1.11. For a function [ : (Z \ {0})" — C, we obtain

Z(_l)i Z fimy,....,m;)=0.
i=0

my<--<m;
miy1==>=myp
o<|mil,...Imr|<=M
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Proof. Let D = {(my,...,m,) € Z" |0 < |my|,...,|m,|] < M}andfor0 <i <r,let
Di ={(my,....m;) €D |my <+ <my,Mjyq > > M}
For1 <i <r —1, wedecompose D; = E; U F; with

Ei={(my....m;) € D |my <o <my = mppy = o = my},

>
== my)

F={my,...,my)eD|my <.+ <m; <mjq

andset Eg = 0, Fp = Dypand E, = D,, F, = (. Then we see that E;; = F; and the telescoping
sum vanishes. L]

Lemma 4.1.12 (cf. [16,20]). We have

Y G = =Dt YT (=1)Es(k).

kelyg(k,r,s) kel (k,r,s)

Proof. By Lemma 4.1.11, we have

D (=Ditsthr.... ki)s(ke. ... kiyr) = 0.

i=0
Taking the sum of the equation above over all k € Iy(k, r, 5) and separating the terms corresponding
toi = 0andi = r, we have

> k)

kely(k,r,s)

+ Z( > (—1)’/55@))( > z§<k/’>)

K4k =k \Kelo(k',r".5") Kel(k” 1 s")
r'4r’=r
s'+s"=s

+ (=D YT (=D)esk) =0,

kely(k,r,s)

where K’ is the reversal of k' and we used (3.3.9) in the third term. The middle term vanishes
because of the symmetric sum formula for SMZSVs, which gives the assertion. U

Here, we state the generalized hypergeometric function 3 F5(Ay, A,, A3; By, B>;t), which is a
special case with p = 3 and ¢ = 2 in (2.6.9), and give a transformation formula of this function.
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Lemma 4.1.13 ([4], p. 98, Example 7). For complex numbers Ay, A,, A3, By and B, with Re B; +
B, — Ay — Ay — Az > 0and Re B, — Az > 0, we have

(AlaAz,A3_ )_F(Bz)F(Bl+Bz—A1—A2—A3) (Bl—Al,Bl—Az,A3 _1)
)

Bi.B, ' ) T(By—A3)[(Bi+By— A1 —Ay)> >\ BB+ By— A, — Ay’
(4.1.20)

4.2 Proof of main result

In this section, we describe the proof of our Main Theorem. (4.1.1) is easily led from (4.1.2) and
Lemma 4.1.12, so it is enough to just prove (4.1.2).

Proof of Main Theorem Putt = 1. First, we show the second term of (4.1.15) vanishes as M — oo.
By (4.1.19), we have

B 1 a+M,B+M1
uz,m (1) = (a+M)(IB+M)(3Fz(x+M+1,M+1’ 1)—1).

Applying the transformation formula (4.1.20) to 3 Fo(0 + M, + M, 1;x + M + 1, M + 1;1),
we have

B a+MB+M1 \ M x—l—l—oc,x—i—l—,B,l.1
PN\ M+LM+1 ) T 1=y x4+ M+1,2—y )

Here, the coefficient of x/y™z" of the hypergeometric series above is given by

(! ) / / / F x+l-ax+1-61 { dxdyd:z
a ,m,n) = : ’
M e, 23 o x+M+1,2-y xIFTymt1zn+1

where C,,C, and C; are circles whose radius is sufficiently small ¢ > 0 at the origin with a
clockwise orientation on complex planes, respectively. Then we have

]l —0«, 1-p,1
|aM(l,m,n)|s/ // 3F2("+ wxtl=p ;1)
X Cy z

xX+M+1,2—y
Since

|dx||dy||dz|
|xl+1||ym+1||zn+1|'

(x+14+j—a)x+1+j—B)l=|x+1+j) =@+ y)(x+1+)j)+xy—23
=11+ /) + x—y1+)) -2
< (14 ) +2(1+j)+€
=(14j +¢)?

49



forO0 < j <k,wehave (x + 1 —a)x(x +1—B)x = (1 +€)x(1 + €)x. Then for M > 1, we obtain

(x—i—l—oz,x-i—l—ﬂ,l )' > (x+1—a)(x +1—B)(1)k
3 F> ;1 52
x+M+1,2-y =l v+ M+ D2 = y)ik!

1 , 1 1
§3F2( ;__: 2+_€€ ;1),

and

1 , 1 , 1
|aM(z,m,n>|san( telte -1).

2—€,2—€
By Raabe’s test, we find that 3 F>(1 +€,1 + €, 1;2 — €,2 — €; 1) absolutely converges. So, we have

ay(l,m,n) =0(1) (M — ).

Hence, the coefficient of x¥="=5y"=5225 of u, 37(1) is O(M~'). Moreover, by the following
estimation

etk k)= Y

kr
1<my<-<m,<m M1~ Mr
M

(2n)

m=1

M 1 r
(l-l-/ —dm)
1 mm

= O(log" M) (M — o),

IA

IA

we find the coefficient of xK=7 75 y" =225 of @y, is O(log” M) and hence
Dy uzm(l) — 0 (M — ). 4.2.1)

Secondly, we show (1) is an element of Q[{(2), {(3), {(5), .. .][[x, y, z]]. By (4.1.18) and the
Gauss hypergeometric theorem, we obtain

( 'ad+x)rca—y) 1)

1
u) =725 FrAd+x—a)(I+x—p)

ap
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Here, by using the formula (2.6.13) we have

FA+0ra-» __ S Y
'd+x—o)l'd+x—p) —eXP(V(X—y)—i—nX:;(—l) T(x + (=) ))

cenp( <2 —a— )= 30" (x—a) + (- )
n=2

—exp( oD ) - (- = - )
n=2

By the Taylor expansion of the logarithm, we obtain

Z e e = -

(xy — 22
1+ (x —y)t —xyt?

(D ey =2
2:: (1 +(x—y)— xylz) (4.2.2)

Z (( 1)k+m (k +1+ m) (xy — 22K (xy)! (x — y)m)t2k+21+m+2’

= log(l +

k+1 k,l,m

m

where we used @ + 8 = x + y and a8 = xy — z2. Using (4.2.2), we rewrite

(CXP( Y (ppemii At m )
2

(1) = k+1

Xy —z

k,l.m>0

x (" i ’") (xy — 225 () (x — y)'") - 1)

k,l,m
€ QE(2).£(3).£(5)... lx.y.2]]. 42.3)
By (4.1.9) and (4.2.1), we have
Ay = Jim Ag (1) = ®u(1)
=uy(1) (mod £(2)2),
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and by (4.1.11) and (4.2.3), we finally obtain

Y= > (k) + Prrsmod £()Z,

kelyg(k,r,s) kely(k,r,s)

which is the first equality (4.1.2). Lastly, (4.1.2) and Lemma 4.1.12 easily lead to (4.1.1), which
completes the proof of Main Theorem. U

4.3 Proofs of corollaries

As announced in Section 3.3, we give a proof for S-analogues of Aoki—-Ohno’s relation and state
new proofs for the S-version of Theorem 3.3.9 and Theorem 3.3.12 as corollaries of Main Theorem.

We define amap t : R[t] > Rby t : t" — {(n) and its linear extension. We further extend
7 : R[t][[x, v, z]] = R[[x, y, z]] coefficientwise. To show the corollaries, it is convenient to use the
expression

1 (xy —z?)1?
Al = log| 1 -1 d¢(2)2), 4.3.1
; xy_zz(expr(og( L Sy e (mod {(2)2), (@431
which follows from (4.2.2) and (4.2.3).

4.3.1 Proof of Aoki-Ohno’s relation for SMZSVs
If x = y, then

expr(log(l + %)) =1 (mod{(2)2)

because 7(12") = 0. Thus

1 (xy — z2)t?
A} = —— 1 1 —1
0})‘:3’ xy —z? (expt(og( * 1+ (x—y)t—xyt?

=0 (mod{(2)2).

x=y
4.3.2)
On the other hand, by (4.1.11) we have
Aa‘x=y — Z ( Z (g-‘;,*(k) . é—*(k)))xk—r—syr—sZZS—Z
k,r,s>0 “kely(k,r,s) x= 433)

— Z ( Z (C;’*(k) . Z*(k)))xk—2s22s—2.

k,s>0 “kelg(k,*,s)
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Comparing (4.3.2) and (4.3.3), we obtain

Yo L= ) *(kmodl(2)Z.
kely(k,*,s) kely(k,*,s)

By this relation and Aoki—Ohno’s relation for MZSVs (2.6.8), we obtain Corollary 4.1.2.

4.3.2 Proof of Sum formula for SMZSVs

Set
_ 222
W =rt(logll+ (xy —2°)
14+ (x —y)t —xyt?
(xy — z2)t? 1 (xy — z2)t? 2 N
—_— ‘L' —_—— oo .
1+ (x—y)t —xyt2 2\1+4+ (x —y)t —xyt?

Since (xy — z2)|W, we have

W _1

t2
2 z2=xy N T((l + xt)(l _yt)).

‘ e
?=xy Xy —z

*
0

By using the decomposition into partial fractions, we have

12 ot 1 1
A+xt)1—yt) x+y l—yt 1 + xt

=x+y2(y = (X))

m—
tm+1 Z( x)m 1— j

Jj=

rnqg

3
n

tm+1(_x)m—1—jyj

oL
M8

-
Il
[=)

m=j+1

(_l)m m+j+2xmy

it
e L0

<~
Il

(=)
3

_l)k—r—lthk—r—lyr—l.

~
Il
—
=
Il
~
+
—



Thus
Zz_xy Z( l)k r— lé-(k)xk r—1 r 1

k,r>=0
On the other hand, by (4.1.11) we have

AS‘Zz:xyz Z( Z (é-g,*(k)_é-*(k)))xk—r—syr—szzs—z

k,r,s>0 “kely(k,r,s)

=Z( > (c;’*(lo—z*(k>))x"—’—1y’—1

k,r>0 “kely(k,r,*)

z2=xy

and hence

Yo - Y &= (=D"Tek)  (mod £(2)Z2)

kelo(k,r,*) ke Io(k,r,*) 4.3.4)
= (=1)"¢(k) (mod {(2)Z).
By (4.3.4) and the sum formula for MZSVs (2.6.7), we have Corollary 4.1.3.

4.3.3 Proof of Generalized height-one duality for SMZSVs
We rephrase Li’s result mentioned in Theorem 2.6.7 in terms of @y s(x, v, 2).

Lemma 4.3.1.
XP§ g(—x,y.2) — yPy s(—y.x.z) =0 (mod {(2)2).

Proof. By using the reflection formula for the Gamma function,

rerd-z= sinwz’

we have
'a)r(d—a)r(b)r(1 —=bvrx+a)r(x+>)

I'(x)I'(y)
X =y xpA(x, y) m?ab  T'(1+x+a)(1+x+b)
ab z?(x —y) sinmasinzh r'(d+x)r{+y)

A(x,y)

By (2.6.13), we have

F(1+x+a)F(1+x+b) ng() ) ) ) )
ra+x)rd+y) (Z;( D ((X+a) +(x b —x"—y ))
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By the Taylor expansion of the logarithm and (2.6.12),

(14 xt)(1 4+ yt)
S0+ G +an( + (x + b))
(14 xt)(1 4+ yt)
1+ (x + y)t — 2%t
1+ (x + y)t — z%¢2
1+ (x + y)t +xyt?

— 10ef1 (xy + z2)t?
- Og( T (+xnd +yz))'

Z(—l)n%((x +a)'+(x+b)" —x"— y”) =1lo

n=1

From this expression, we have

x—y (xyA(x,y) m2ab (xy + z2)t?
Z(x,y) = - - expt| —log|1— —1].
xy 4+ z2\ z2(x — y) sinwasinzwh (1 4+ xt)(1 4+ yt)

Since

xyA(x,y)  cosm(x + y) —cosw/(x + )2 + 422 T2xy sinz(x — y)
22(x —y) 2222 " sin 7x sin Ty . a(x —y)
=1 (mod{(2)2),
w2ab

sinmwasinmh

1 (mod £(2)2),

we obtain
X—y (xy + z2)1? )) )
Z(x,y) = expt| —log|1— —1 mod ((2)2).
) = 2 (e (o1 U (mod ¢(2)2)
On the other hand, by (4.3.1), we have

— + 22)2
XA (—x,y,2)—yA (=, x,z) = xijz +);2 (expr(log(l—(1 (f))]ct)(i ityt)))_l) (mod £(2)Z2).
(4.3.5)

Therefore the sum of (2.6.11) and (4.3.5) is

XA(;(_X’ y,z) — yAS(—y, .X,Z) + chO*(—x, y, Z) — y(D(;‘(_y’ X, Z)
a (xy + 227 (xry +22)(=1)?
xy +22 (CXPT(_ log(l_ﬂ Fxn(i+ yt)))_eXp T(log(l_(l (- yt)))) (mod £2)2).
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Since 7(1?") = 0, we see

Gy V) _ (y + 202
(e i) = (e - G o)) @2

which implies

'XA(;(_'X7 y7Z) - yAa(_y’x’Z) + x@g(—x, y’Z) - yé(;(_y’xvz) = 0 (mOd Z(Z)Z)
By (4.1.11), we have
x®5 5(—x,,2) = yPg s(—y,x,2) =0 (mod {(2)2).

Lemma 4.3.1 immediately implies

x®g s(=x,y,2) = y Py s(—y,x,2)

- ¥ (—1)5((—1)'" S gt

m,n>s>1 kelop(m+n+1,n+1,s)

_ (_1)n Z ;g,*(k))xm+1—syn+1—s22s—2

kelp(m+n+1,m+1,s)

+ Z (_1)n+s( Z ZE’*(k)) (xn+1—s _ yn—i-l—s)ZZs—z’

n>s>1 kelp(n+s,s,s)

and we have Corollary 4.1.4.
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